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WSl Large cosmological observational findings:

Jelena Stankovi m High orbital speeds of galaxies in clusters. (F.Zwicky, 1933)

m High orbital speeds of stars in spiral galaxies. (Vera Rubin, at
the end of 1960es)

m Accelerated expansion of the Universe. (1998)
Big Bang
m Another cosmological problem is related to the Big Bang
singularity. Namely, under rather general conditions, general
relativity yields cosmological solutions with zero size of the
universe at its beginning, what means an infinite matter density.

m Note that when physical theory contains singularity, it is not

valid in the vicinity of singularity and must be appropriately
modified.
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There are two problem solving approaches:
m Dark matter and energy

m Modification of Einstein theory of gravity

|
Ruv — %ng, =81GT,, —Ngu, c=1

where T, is stress-energy tensor, g,,,, are the elements of the metric
tensor, R, is Ricci tensor and R is scalar curvature of metric.



Dark matter and energy

New
cosmological
solutions in
Nonlocal
Modified Gravity

Jelena Stanke

m If Einstein theory of gravity can be applied to the whole Universe
then the Universe contains about 5% of ordinary matter, 27% of
dark matter and 68% of dark energy.

m It means that 95% of total matter, or energy, represents dark
side of the Universe, which nature is unknown.

m Dark matter is responsible for orbital speeds in galaxies, and dark
energy is responsible for accelerated expansion of the Universe.
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Motivation for modification of Einstein theory of gravity

m The validity of General Relativity on cosmological scale is not
confirmed.

m Dark matter and dark energy are not yet detected in the
laboratory experiments.
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There are different approaches to modification of Einstein theory of
gravity.
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m Einstein General Theory of Relativity

From action S = / (16 C — Ly — 2/\) v/—gd*x using variational

methods we get field equations

Equations of Motion
Ruv — 3Rgu, = 81GT,, — Nguy, c =1

where T, is stress-energy tensor, g, are the elements of the metric
tensor, R, is Ricci tensor and R is scalar curvature of metric.
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Einstein-Hilbert action

S = /d4x V& R+/d4x\/—g L(matter)
167G

modification

R — f(R,A\,R,.., R%s,, 0, .), O=VHY, = \/L_—ga,ﬂ/—_gg‘“’&,

Gauss-Bonnet invariant

G = R2—4RMR,, + ROPWR, g,
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S= /d‘&@f(R) +/d4x\/—_g L(matter)

m Gauss-Bonnet modified gravity

S= /d4 1~6 C R+ag)+/d4x\/—_g L(matter)

m nonlocal modified gravity

S = /d4x1—"6_‘éf(R,D)+/d4x\/—g L(matter)
s



Nonlocal Modified Gravity
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WY the scalar curvature R in the Einstein-Hilbert action by a suitable
PERESE  function F(R,), where 0 = V,V* is dAlembert operator and V,

denotes the covariant derivative.

Let M be a four-dimensional pseudo-Riemannian manifold with
metric (g,..,) of signature (1,3). We consider a class of nonlocal
gravity models without matter, given by the following action

16irG/(R 2N+ VR —2AF(O) VR — 2N) /—g d*x,

where F (O Z f, 0" and A is cosmological constant.
n=1
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The previous action can be rewritten in the form

167TG/\/R 2N F(O) VR — 2N /=g d*x,

where F(O) =1+ F(0)=1+» f,0"
n=1
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We use Friedmann-Robertson-Walker (FRW) metric

. ____________________________________________|
ds? = —dt? + 32(t) (1257 + r2d62 + r2sin? 0d6?), k € {~1,0,1}.
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ds? = —dt? + 2%(t) (%f + r2d6? + 1% sin? 9d¢2), k€ {-1,0,1}.

6(a(t)a(t)+a(t)?+k)
a(t)?

R =

In case of FRW metric the d’Alembert operator is

OR=-R-3HR, H=:2
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By variation of action S with respect to metric g*” we obtain

GIU’ + Ag/.u/ + (R,uu - V,uvl/ + g#VD) Vﬁlf(D)V
+oc0 n—1
Z fn Z 8 M 1 I -1
i n=1 2 /=0 (g/w(ga 0,00 Vos0" v+Ovorv)

- 20,0'va,0"1v) — %gm, VFO)V =0,

where V = /R — 2A.
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V) Gy Suppose that manifold M has the FRW metric. Then we have two
e St linearly independent equations (trace and 00-equation):

4N— R —2VFO)V + (R+30)V ' FO)V
+o00 n—1

+Y fy (@,0Vvornm v - 20'vo'v) =0,
n=1 1=0

Goo + Agoo + (Roo — Vo Vo + gooOd) V' F(O)V

+ Z Z (goo 89,0 Va0 1~'v + O'vO"—'v)
n=1 =
— 20,00/ V011 v) - %goo VFO)V =0,

P+ k

5
where Ryg = —3—,
a
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OVR —2A = p VR — 2A,

where p is a constant.
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OVR —2A = p VR — 2A,

where p is a constant.

The first consequences of ansatz are:

O0"VR —2A = p"VR—2A, n >0
F(O)VR=2A = F(p)VR — 2A.
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The following anzats

OvR —12y = -6y R — 12y

is satisfied.
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The following anzats

OvR —12y = -6y R — 12y

is satisfied. Direct calculation shows that

R(t) = 127y(1 + 4~t?),
R = 96+°t,
Ov/R — 127 = —24V/34|4]|t],
0"VR—12y = (-67)"v/R— 127, n >0,
F(O)v/R —12y = F(—6v)+/R —12.
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Modified Gravity

A — 37y + 37 F(—67) — 129°F'(—67) =0,
—7 = F(=67) — 129°F'(~67) = 0.

In order to satisfy the last system of equations we have:

F(=67) = -1,
F'(—6v) = 0.
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Roo = —127°t* — 6,
H(t) = 2yt,
Goo = 12”}/21.’2.

When we substitute these conditions into 00 equation we obtain



Cosmological solution a(t) = Ae™, A = 6+,
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We conclude that the equations of motion are satisfied if and only if

AN=6v, v#0,
f(_67) = _17
F'(—67) = 0.
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The following anzats
|

Ov/R — 28y = —67v1/R — 287

is satisfied.
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The following anzats

Ov/R — 28y = —67v1/R — 287

is satisfied. Direct calculation shows that

‘

R(t) = 44y + gt* + 48~%t2,
. 8
R = 96+°t — gt_3,

O0"R —28y =(—67)"\/R—28v, n>0,
F(O)y/R — 28y = F(—67)/R — 287.
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o ——— Substituting a(t) into trace equation we get the following system of
equations:

‘Fl(_67) = 07
A — 11y 4+ 3y F(—67) = 0,
‘F(_67) = _17

—* — ¥ F(—67) = 0.
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Modified Gravity

2
H(t) = §t*1 + 29t,
4
Goo = gt_z + 12922 + 8.

Substituting this into the 00 component of EOM we obtain the
following system of equations:

f/(_67) = 03

8y — N —67yF(-67) =0,
F(—67) = -1,

7+ 72 F(=67) =0
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The last two systems of equations are satisfied if and only if

F(—67) = -1,
‘FI(_6PY) = 07
A =14, v #0.
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The following anzats

OVR — 2A = 20>VR — 2A

is satisfied.
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The following anzats

OVR — 2A = 20>VR — 2A

is satisfied. Direct calculation shows that

(@)
X

R(t) = A—e*”f + 12)2

O"VR —2A = (2X%)"VR —2A, n >0,
F(@O)WVR —2A = F2 VR - 2A.
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4N — R+ (4N — R)F(2)?) — 2

®R—2n)” )

+4(R —2N)X2F'(20?) = 0,

1
Goo — N + Roo F(2)\?) + 5(R— 20N) F(2)\?)
Rz

_ m]:/(Q)@) _ )\2(R _ 2/\)]:/(2)\2) —o.
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The last two equations are satisfied if and only if

A=6X% A#0
F(2)2) = -1,
F'(2)\%) = 0.
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6@ (34 a—k2) = Ry.

The change of variable b(t) = a?(t) yields second order linear
differential equation with constant coefficients

3b— Ryb+ 6k = 0.
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Depending on the sign of Ry we have the following general solutions
e o for b(t):

Ro > 0, b(t):—+acosh\/ t+Tsmh\/

Ro =0, b(t) = —kt*> + ot + T,

k —R R
Ry <0, b(t):Z—O"‘UCOS\/TOt"‘TSinVTOtv

where o and 7 are some constants.
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Ro + 4Ry = 0.

Equations of motion are satisfied without conditions on function

F(O), because OvR —2A = 0.

Consider now constraints which equation Ry + 4Ryo = 0 implies on
w )2 7.

the parameters o, 7, k and Ry. Since Ryo = —35 = %(b)b%zbb, it

follows the following connections between parameters:

|
Ry >0,  36k*>=R3(c?—71?),

Ry =0, 02 + 4kt =0,
Ry <0,  36k?®= R2(0?+7°).
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Modified Gravity a( t) is
a(t) = —+acosh\/ t+7'smh1/

Moreover, let 02 — 72 > 0, then we choose ¢ such that
T

coshp = == and sinh = ———;, and we can write a(t) as

k 4N
a(t) = 2A+ T2cosh(\/?t+<p), k = +1.
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3(cosh (1/ %2t + ) + k)
a(t) = ( ;/\ ) , k=1

Now, let 02 — 72 = 0, then the scale factor takes the form

a(t) = voerVit, k=0,0>0.
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Jelena Stankovi There are three cases:
m Case a(t) = A Vit k=0
One has H(t) = i\ﬂ, Goo =

= Case a(t) = /% cosh\/4¢, k= +1.
Now H(t) [tanh[t Goo = A

m Case a(t —\/j|sinh\ﬁt|k:—.
Here H(t) \/>coth\/>t Goo =N
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"(”:\/ sy ooy gt les rany LR

Moreover, if we choose ¢ such that cosp =

. _ - .
sinp = Jore we can rewrite It as

Jelena Stankovi¢

Vatger and

3k 4 A
a(t):\/—2|/\|+ 02 + 72 cos( |3 |t—<p), k=-1.
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Since in this case ﬁ = V02 + 72, solution a(t) can be presented in

the form




Cosmological solution with Ry = —4 | A |< 0.
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Y

where A is negative cosmological constant. In this case

H(t) = —Htan Ht,

Goo=— | A, k=—1.

Nonlocal
Modified Gravity
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We have considered a class of nonlocal gravity models with
cosmological constant A and without matter, given by

1
5= 167G

(R—2A++VR —2AF(O) VR —2A) /—g d*x.

Using ansatz (0v/R — 2A = pyv/R — 2/ we found some solutions:
The solution a(t) = A et A0, k=0.

The solution a(t) = A t2/3et, A#0, k=0.

The solution a(t) = A e*V3 {, A >0, k = £1.
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Cosmological solutions with constant R(t) = 4A >0

la(t)—Aei\ﬂt k =0.
ma(t) = [cosh[t k= +1.
[ a(t):ﬁ\sinh\/;ﬂ, k=-1.
=—4|AN|<O

Cosmological solutions with constant R(t) =

ma(t) = /-3 |cos\/—5t| A<O, k

Il
|
=
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