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T-duality

Superstrings

@ There are five consistent superstring theories. They are
connected by web of T and S dualities.

@ There are three approaches to superstring theory: NSR
(Neveu-Schwarz-Ramond), GS (Green-Schwarz) and pure
spinor formalism (N. Berkovits, hep-th/0001035).

@ T-duality transformation does not change the physical
content of the theory.

@ Well known bosonic and recently discovered fermionic
T-duality.
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T-duality

Idea od double space

@ Double space = initial coordinates plus T-dual partners -
Siegel, Duff, Tseytlin about 25 years ago.

@ Interest for this subject emerged again (Hull, Berman,
Zwiebach) in the context of T-duality as O(d, d)
transformation.

@ The approach of Duff has been recently improved when
the T-dualization along some subset of the initial and
corresponding subset of the T-dual coordinates has been
interpreted as permutation of these subsets in the double
space coordinates (arXiv:1505.06044, 1503.05580). All
calculations are made in full double space.

@ In double space T-duality is a symmetry transformation.
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General pure spinor action for type |l superstring

@ We start from the general pure spinor action for type I
superstring (arXiv: 0405072)
S= / d?€ [0:0%Aap0-0° + 0,0%Aa,u " + N AL 0_ 0"
+ NMYALTY + dyE®50-0° + d, E*,N" +0,0°E.ds + N E, ds
- 1 _ _
+  duP*ds + SN Q, 50_0° + 1N””prrvi + 1a+9a§2a,WNﬁ”

1 v 1% v
+ 2 n4Q,, .,,N"* + 2N“ c,wﬁdﬁjL d,C",., N*

+ —N”SW,,U ]+SA+SA (1)
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Bosonic T-duality - assumptions and approximations

@ Bosonic T-dualization - we assume that background fields
are independent of x*. In mentioned reference,
expressions for background fields as well as action are
obtained in an iterative procedure as an expansion in
powers of 6% and . Every step in iterative procedure
depends on previuous one, so, for mathematical simplicity,
we consider only basic (# and § independent) components.
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Fermionic T-duality - assumptions and consistency
check

@ Fermionic T-dualization - we assume that 6> and 6 are
Killing directions. Consequently, auxiliary superfirlds are
zero according to arXiv: 0405072. If we assume that rest
of background fields are constant then their curvatures are
zero. Using space-time field equations we confirmed the
consistency of the choice of constant P*%.

Bojan Nikoli¢ T-dualization of type Il pure spinor superstring in double space



Action

@ In both cases, under introduced assumptions, action gets the
form

S= Ii/ a?¢ [6+X“I'I+W8x” + LCDR(Z) (3
b 4k

+ / a2¢ [—ma_(oa + WOXH) 4 0, (0% + WOXH )T + Z—;waF“BﬁB
X

@ Definitions: My, = By, + 3Gy, @ is dilaton field, W and W
are NS-R fields and F*? is R-R field strength. Momenta 7., and
7, are canonically conjugated to * and #“. All spinors are
Majorana-Weyl ones.

@ All background fields are constant.
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Bosonic T-duality

Busher bosonic T-duality

@ Global shift symmetry exists x2 — x2 4+ b, where index a is
subset of .

@ We introduce gauge fields vZ and make change in the
action 04 x% — 04 x2 4 v3i.

@ Additional term in the action

1
Sgauge(y, Vi) = EH/Z dzf (Via—}’a - 8+Yan) )

where y, is Lagrange multiplier. It makes vZ to be
unphysical degrees of freedom.

@ On the equations of motion for y, we get initial action,
while, fixing x2 to zero, on th equations of motion for vZ we
get T-dual action.
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Bosonic T-duality

Transformation laws

@ Solution of the equation of motion for y; is v& = 0, x4.
Combining this solution with equations of motion for gauge
fields v2 we obtain T-dual transformation laws

01X = — 250N p0sx' — KOP(Dsyp — Jip),  (3)

OsYa = —2MN1ap0sxP — 2N gidrx’ + Jig. (4)

Here Js, = £2W§ msq and 03T q, = 5-69;,, where

v, =Vvg, Ve =V T =T, Ta=Ta- (9)
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Bosonic T-duality

Transformation laws in double space

@ In double space spanned by ZM = (x*, y,,)T they are of the

form
0L ZM =~ L QMN (HNpaiZP + J;tN) ; (6)
where
GE —2B,,(G ")
_ v ©p
= ( o Nog, e ) O

is so called generalized metric, while
MN 0 1p . 2(|_|:|:G_1)uVJ:|:V
= < 1p O ) Jam = < —(G YWy, - (8

QMN is constant symmetric matrix and it is known as
SO(D, D) invariant metric. Here GEZ, = G, —4(BG7'B),.
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Bosonic T-duality

T-duality as permutation in double space

@ T-dualization in double space is represented by

permutation
Ya 0 0 1, O x?
M _ x! N aM N _ 0 1, 0 O x!
dZV= | g | =TT = 1 0 0 0 Va
Yi 0 0 0 1 Yi
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Bosonic T-duality

T-duality as permutation in double space

@ Demanding that ,ZM has the transformation law of the
same form as initial coordinates ZM, we find the T-dual
generalized metric

aHun = (T Hu (T3 N, 9)
and T-dual current

adam = (TN dan - (10)
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Bosonic T-duality

NS-NS background fields

@ From (9) we obtain the T-dual NS-NS background fields
which are in full agreement with those obtained by Buscher
procedure

AN = 5020 a3 = k02N,

nb. _ nab
allei® = —kMp038,  allyy = Nyj — 26M1;02M 1y
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Bosonic T-duality

NS-R background fields

@ From (10) we obtain the form of the T-dual NS-R fields
AVO8 = k0PVE U0 = 5 ,Q00%0p . (1)

AV = W2k 00208 U = Q% 5(U7 —2kM 50°207) .
(12)
@ From transformation laws we see that two chiral sectors
transform differently. Consequently, there are two sets of
vielbeins in T-dual picture as well two sets of gamma
matrices. This T-dual vielbeins are connected by Lorentz
transformation, while spinorial representation of this
Lorentz transformation, ,Q“ 3, relates two sets of gamma
matrices. In order to have unique set of gamma matrices,
we have to multiply one fermionic index by Q¢ s.

Bojan Nikoli¢ T-dualization of type Il pure spinor superstring in double space



Bosonic T-duality

R-R field strength

@ R-R field strength couples fermionic momenta and,
consequently, its T-dual can not be read from
transformation law.

@ From the demand that term in the action is T-dual invariant,
we obtain the form of the T-dual R-R field stregth

e% oF°P = (2 F™ 4+ cW200)),0.7,  (13)

where c is an arbitrary constant. For the specific value of
¢, we get the same expression as in Buscher procedure.
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Fermionic T-duality

Basic facts

@ In last years it was seen that tree level superstring theories
on certain supersymmetric backgrounds admit a symmetry
which is called fermionic T-duality.

@ This is a redefinition of the fermionic worldsheet fields
similar to the redefinition we perform on bosonic variables
when we do an ordinary T-duality.

@ Technically, the procedure is the same as in the bosonic
case up to the fact that dualization will be done along 6
and 6 directions.
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Fermionic T-duality

Action

@ On the equations of motion for 7, and 7, action (2)
becomes

15 — v
S=n [ euxt [+ 293P 0] 0%
g [ eor®
47T 5
v 3 / 0P (0,5 (P )as0-0 + 0,5 (P W), 0_x"
>

+ 8+x“(\TJP‘1)W8_0a] .
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Fermionic T-duality

Fixing the chiral gauge invariance

@ In the above action 6 appears only in the form 6_6* and
6~ in the form 0,.0.

@ Using the BRST formalism we fix theis chiral gauge
invariance adding to the action

Sor =5 | d0-F(a")apd: 6", (14)

where o*? is arbitrary non singular matrix.
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Fermionic T-duality

Transformation laws

@ Applying the same mathematical procedure as in the case
of the bosonic T-dualization, we have

0_0% = —P*Po_95—WSO_X"  0,0% = 0,03P"* — 0, x' V%,
) . (15)
010% = —a®P9,95,0_0% = 9_J50"* (16)

where 9, and 9, are T-dual fermionic coordinates.
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Fermionic T-duality

Transformation laws in double space

@ Let us introduce double fermionic coordinates

eA=<§Z>, éAz(f;Z). (17)

@ Transformation laws in double space are of the form
507~ _QAB [fBCa_eC v j_B} ,
5,0A = [a+écfcg + j+5] QPA

0,0° > OB ARc0,0°, 0_0% >~ 9_B6CA50P".
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Fermionic T-duality

Generalized metric and currents

@ The generalized metric and the matrix A5 are

pP-1 0 a1 0
fAB = < ( O)Ofﬁ P’ycs > )AAB == < ( O)Oéﬁ a’yﬁ > .
@ The currents are of the form

= (VP a0exH _( (PTTW),,0_xH
j+*‘_< — Va0, xH J-A= WaO_xH '

Bojan Nikoli¢ T-dualization of type Il pure spinor superstring in double space



Fermionic T-duality

Fermionic T-dualization as permutation

@ T-dual coordinates are
*@A — TABGB, *éA — TAB@B7

where

is permutation matrix.
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Fermionic T-duality

Fermionic T-dualization as permutation

@ Demanding that T-dual coordinates transformation laws are
of the same form as those for initial coordinates we get

*Fag =TaCFeoTPs, *Tin=TalTis, *T-a=TiPJ 5.
@ The matrix A g transforms as

“Aag = TaCAcpTPs = (A )as. (18)
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Fermionic T-duality

Background fields

@ From these relations we obtain the R-R and NS-R T-dual
background fields in the same form as in the Buscher
procedure

Bojan Nikoli¢ T-dualization of type Il pure spinor superstring in double space



Fermionic T-duality

NS-NS background fields

® 1, ,, is coupled by x’s and we can not read the T-dual field
from transformation laws.

@ As in the case of bosonic T-dualization, assuming that this
term is invariant under T-dualization, we get the
appropriate fermionic T-dual

My = My + V(P ) ap Wl (19)

where c is an arbitrary constant.
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Concluding remarks

Concluding remarks

We represented both kind of T-dualizations of type Il
superstring as permutation symmetry in double space.

The successive T-dualizations make a group called
T-duality group. In the case of type Il superstring fermionic
T-duality transformations are performed by the same
matrices 72 as in the bosonic string case. Consequently,
the corresponding T-duality group is the same.

In the bosonic case there is an advantage of this approach.
In one equation all T-dual theories (for any subset x9) are
contained. We do not have to repeat procedure for each
specific choice of x2. This kind of approach could be
helpful in better understanding of M-theory.
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