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Institute of Physics Belgrade, Serbia

9th MATHEMATICAL PHYSICS MEETING:
School and Conference on Modern Mathematical Physics

18.-23. September 2017, Belgrade, Serbia
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Superstrings

There are five consistent superstring theories. They are

connected by web of T and S dualities.

There are three approaches to superstring theory: NSR

(Neveu-Schwarz-Ramond), GS (Green-Schwarz) and pure

spinor formalism (N. Berkovits, hep-th/0001035).

T-duality transformation does not change the physical

content of the theory.

Well known bosonic and recently discovered fermionic

T-duality.
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Idea od double space

Double space = initial coordinates plus T-dual partners -

Siegel, Duff, Tseytlin about 25 years ago.

Interest for this subject emerged again (Hull, Berman,

Zwiebach) in the context of T-duality as O(d ,d)
transformation.

The approach of Duff has been recently improved when

the T-dualization along some subset of the initial and

corresponding subset of the T-dual coordinates has been

interpreted as permutation of these subsets in the double

space coordinates (arXiv:1505.06044, 1503.05580). All

calculations are made in full double space.

In double space T-duality is a symmetry transformation.
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General pure spinor action for type II superstring

We start from the general pure spinor action for type II

superstring (arXiv: 0405072)

S =

∫

d2ξ
[

∂+θ
αAαβ∂−θ̄

β + ∂+θ
αAαµΠ

µ
− +Πµ

+Aµα∂−θ̄
α

+ Πµ
+AµνΠ

ν
− + dαEα

β∂−θ̄
β + dαEα

µΠ
µ
− + ∂+θ

αEα
β d̄β +Πµ

+Eµ
β d̄β

+ dαP
αβ d̄β +

1

2
N

µν
+ Ωµν,β∂−θ̄

β +
1

2
N

µν
+ Ωµν,ρΠ

ρ
− +

1

2
∂+θ

αΩα,µνN̄
µν
−

+
1

2
Πµ

+Ωµ,νρN̄
νρ
− +

1

2
N

µν
+ C̄µν

β d̄β +
1

2
dαCα

µνN̄
µν
−

+
1

4
N

µν
+ Sµν,ρσN̄

ρσ
−

]

+ Sλ + Sλ̄ . (1)
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Bosonic T-duality - assumptions and approximations

Bosonic T-dualization - we assume that background fields

are independent of xµ. In mentioned reference,

expressions for background fields as well as action are

obtained in an iterative procedure as an expansion in

powers of θα and θ̄α. Every step in iterative procedure

depends on previuous one, so, for mathematical simplicity,

we consider only basic (θ and θ̄ independent) components.
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Fermionic T-duality - assumptions and consistency

check

Fermionic T-dualization - we assume that θα and θ̄α are

Killing directions. Consequently, auxiliary superfirlds are

zero according to arXiv: 0405072. If we assume that rest

of background fields are constant then their curvatures are

zero. Using space-time field equations we confirmed the

consistency of the choice of constant P
αβ.
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Action

In both cases, under introduced assumptions, action gets the

form

S = κ

∫

Σ

d2ξ

[

∂+xµΠ+µν∂−xν +
1

4πκ
ΦR(2)

]

(2)

+

∫

Σ

d2ξ

[

−πα∂−(θ
α +Ψα

µxµ) + ∂+(θ̄
α + Ψ̄α

µxµ)π̄α +
e

Φ
2

2κ
παFαβ π̄β

]

Definitions: Π±µν = Bµν ± 1
2
Gµν , Φ is dilaton field, Ψα

µ and Ψ̄α
µ

are NS-R fields and Fαβ is R-R field strength. Momenta πα and

π̄α are canonically conjugated to θα and θ̄α. All spinors are
Majorana-Weyl ones.

All background fields are constant.
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Busher bosonic T-duality

Global shift symmetry exists xa → xa + b, where index a is

subset of µ.

We introduce gauge fields va
± and make change in the

action ∂±xa → ∂±xa + va
±.

Additional term in the action

Sgauge(y , v±) =
1

2
κ

∫

Σ
d2ξ

(

va
+∂−ya − ∂+yava

−

)

,

where ya is Lagrange multiplier. It makes va
± to be

unphysical degrees of freedom.

On the equations of motion for ya we get initial action,

while, fixing xa to zero, on th equations of motion for va
± we

get T-dual action.
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Transformation laws

Solution of the equation of motion for ya is va
± = ∂±xa.

Combining this solution with equations of motion for gauge

fields va
± we obtain T-dual transformation laws

∂±xa ∼= −2κθ̂ab
± Π∓bi∂±x i − κθ̂ab

± (∂±yb − J±b) , (3)

∂±ya
∼= −2Π∓ab∂±xb − 2Π∓ai∂±x i + J±a . (4)

Here J±µ = ± 2
κ
Ψα

±µπ±α and θac
± Π∓cb = 1

2κ
δa

b, where

Ψα
+µ ≡ Ψα

µ , Ψα
−µ ≡ Ψ̄α

µ , π+α ≡ πα , π−α ≡ π̄α . (5)
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Transformation laws in double space

In double space spanned by Z M = (xµ, yµ)
T they are of the

form

∂±Z M ∼= ±ΩMN
(

HNP∂±Z P + J±N

)

, (6)

where

HMN =

(

GE
µν −2 Bµρ(G

−1)ρν

2(G−1)µρ Bρν (G−1)µν

)

, (7)

is so called generalized metric, while

ΩMN =

(

0 1D

1D 0

)

, J±M =

(

2(Π±G−1)µ
νJ±ν

−(G−1)µνJ±ν

)

. (8)

ΩMN is constant symmetric matrix and it is known as

SO(D,D) invariant metric. Here GE
µν = Gµν − 4(BG−1B)µν .
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T-duality as permutation in double space

T-dualization in double space is represented by

permutation

aZ M ≡









ya

x i

xa

yi









= (T a)M
NZ N ≡









0 0 1a 0

0 1i 0 0

1a 0 0 0

0 0 0 1i

















xa

x i

ya

yi









.
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T-duality as permutation in double space

Demanding that aZ M has the transformation law of the

same form as initial coordinates Z M , we find the T-dual

generalized metric

aHMN = (T a)M
KHKL(T

a)L
N , (9)

and T-dual current

aJ±M = (T a)M
NJ±N . (10)
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NS-NS background fields

From (9) we obtain the T-dual NS-NS background fields

which are in full agreement with those obtained by Buscher

procedure

aΠ
ab
± = κ

2 θ̂
ab
∓ , aΠ

a
±i = κθ̂ab

∓ Π±bi ,

aΠ±i
a = −κΠ±ibθ̂

ba
∓ , aΠ±ij = Π±ij − 2κΠ±iaθ̂

ab
∓ Π±bj .
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NS-R background fields

From (10) we obtain the form of the T-dual NS-R fields

aΨ
αa = κθ̂ab

+ Ψα
b , aΨ̄

αa = κ aΩ
α
β θ̂

ab
− Ψ̄β

b . (11)

aΨ
α
i = Ψα

i −2κΠ−ibθ̂
ba
+ Ψα

a , aΨ̄
α
i = aΩ

α
β(Ψ̄

β
i −2κΠ+ibθ̂

ba
− Ψ̄β

a) .
(12)

From transformation laws we see that two chiral sectors

transform differently. Consequently, there are two sets of

vielbeins in T-dual picture as well two sets of gamma

matrices. This T-dual vielbeins are connected by Lorentz

transformation, while spinorial representation of this

Lorentz transformation, aΩ
α
β, relates two sets of gamma

matrices. In order to have unique set of gamma matrices,

we have to multiply one fermionic index by aΩ
α
β.
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R-R field strength

R-R field strength couples fermionic momenta and,

consequently, its T-dual can not be read from

transformation law.

From the demand that term in the action is T-dual invariant,

we obtain the form of the T-dual R-R field stregth

e
aΦ
2 aFαβ = (e

Φ
2 Fαγ + cΨα

a θ̂
ab
− Ψ̄γ

b)aΩγ
β , (13)

where c is an arbitrary constant. For the specific value of

c, we get the same expression as in Buscher procedure.
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Basic facts

In last years it was seen that tree level superstring theories

on certain supersymmetric backgrounds admit a symmetry

which is called fermionic T-duality.

This is a redefinition of the fermionic worldsheet fields

similar to the redefinition we perform on bosonic variables

when we do an ordinary T-duality.

Technically, the procedure is the same as in the bosonic

case up to the fact that dualization will be done along θα

and θ̄α directions.
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Action

On the equations of motion for πα and π̄α action (2)

becomes

S = κ

∫

Σ
d2ξ∂+xµ

[

Π+µν +
1

2
Ψ̄α

µ(P
−1)αβΨ

β
ν

]

∂−xν

+
1

4π

∫

Σ
d2ξΦR(2)

+
κ

2

∫

Σ
d2ξ

[

∂+θ̄
α(P−1)αβ∂−θ

β + ∂+θ̄
α(P−1Ψ)αµ∂−xν

+ ∂+xµ(Ψ̄P−1)µα∂−θ
α
]

.
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Fixing the chiral gauge invariance

In the above action θα appears only in the form ∂−θ
α and

θ̄α in the form ∂+θ̄
α.

Using the BRST formalism we fix theis chiral gauge

invariance adding to the action

Sgf = −
κ

2

∫

d2ξ∂−θ̄
α(α−1)αβ∂+θ

β , (14)

where ααβ is arbitrary non singular matrix.
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Transformation laws

Applying the same mathematical procedure as in the case

of the bosonic T-dualization, we have

∂−θ
α ∼= −Pαβ∂−ϑβ−Ψα

µ∂−xµ , ∂+θ̄
α ∼= ∂+ϑ̄βPβα−∂+xµΨ̄α

µ ,

(15)

∂+θ
α ∼= −ααβ∂+ϑβ , ∂−θ̄

α ∼= ∂−ϑ̄βα
βα , (16)

where ϑα and ϑ̄α are T-dual fermionic coordinates.
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Transformation laws in double space

Let us introduce double fermionic coordinates

ΘA =

(

θα

ϑα

)

, Θ̄A =

(

θ̄α

ϑ̄α

)

. (17)

Transformation laws in double space are of the form

∂−Θ
A ∼= −ΩAB

[

FBC∂−Θ
C + J−B

]

,

∂+Θ̄
A ∼=

[

∂+Θ̄
CFCB + J̄+B

]

ΩBA ,

∂+Θ
A ∼= −ΩABABC∂+Θ

C , ∂−Θ̄
A ∼= ∂−Θ̄

CACBΩ
BA .
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Generalized metric and currents

The generalized metric and the matrix AAB are

FAB =

(

(P−1)αβ 0

0 Pγδ

)

,AAB =

(

(α−1)αβ 0

0 αγδ

)

.

The currents are of the form

J̄+A =

(

(Ψ̄P−1)µα∂+xµ

−Ψ̄α
µ∂+xµ

)

,J−A =

(

(P−1Ψ)αµ∂−xµ

Ψα
µ∂−xµ

)

.
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Fermionic T-dualization as permutation

T-dual coordinates are

⋆ΘA = T A
BΘ

B , ⋆Θ̄A = T A
BΘ̄

B ,

where

T A
B =

(

0 1

1 0

)

,

is permutation matrix.
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Fermionic T-dualization as permutation

Demanding that T-dual coordinates transformation laws are

of the same form as those for initial coordinates we get

⋆FAB = TA
CFCDT

D
B , ⋆J̄+A = TA

BJ̄+B , ⋆J−A = TA
BJ−B .

The matrix AAB transforms as

⋆AAB = TA
CACDT

D
B = (A−1)AB . (18)
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Background fields

From these relations we obtain the R-R and NS-R T-dual

background fields in the same form as in the Buscher

procedure

⋆Pαβ = (P−1)αβ , (⋆α)αβ = (α−1)αβ ,

⋆Ψαµ = (P−1)αβΨ
β
µ ,

⋆Ψ̄αµ = −Ψ̄β
µ(P

−1)βα .
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NS-NS background fields

Π+µν is coupled by x ’s and we can not read the T-dual field

from transformation laws.

As in the case of bosonic T-dualization, assuming that this

term is invariant under T-dualization, we get the

appropriate fermionic T-dual

⋆Π+µν = Π+µν + cΨ̄α
µ(P

−1)αβΨ
β
ν , (19)

where c is an arbitrary constant.
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Concluding remarks

We represented both kind of T-dualizations of type II

superstring as permutation symmetry in double space.

The successive T-dualizations make a group called

T-duality group. In the case of type II superstring fermionic

T-duality transformations are performed by the same

matrices T a as in the bosonic string case. Consequently,

the corresponding T-duality group is the same.

In the bosonic case there is an advantage of this approach.

In one equation all T-dual theories (for any subset xa) are

contained. We do not have to repeat procedure for each

specific choice of xa. This kind of approach could be

helpful in better understanding of M-theory.
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