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Introduction

Introduction

@ In 1976 Michel Gaudin proposed the Hamiltonian
describing "long-range" interacting spins in a chain. In
1982 he also introduce the so-called Gaudin algebras.

@ In 1987 Sklyanin studied the rational model in the
framework of the quantum inverse scattering method using
the s/(2) invariant classical r-matrix.

@ Since then these models have attracted attention. Many
interesting relations to different fields were established...

@ Our interest is to study the non-periodic boundary

conditions...
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Periodic case

GM with boundary
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Gaudin Model

Yang R-matrix

The XXX Heisenberg spin chain is related to the Yangian
Y(s¢(2)) and the SL(2)-invariant Yang R-matrix

A+n 0 O 0
_ _ 0O Xxn O
R(A\) =A1+7nP = 0 5 A 0 5
0 0 0 A7

where ) is a spectral parameter, ) is a quasi-classical
parameter. We use 1 for the identity matrix and P for the
permutation in C? ® C2.
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Periodic inhomogeneous XXX spin chain

Gaudin Model

We study an inhomogeneous XXX spin chain with N sites, with
the local space V; = C2*! and inhomogeneous parameter «;.
For simplicity, we start by considering periodic boundary
conditions. The Hilbert space of the system is

V]‘ _ ((CZS-H )®N'
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Gaudin Model

Lax operator

Following Sklyanin ‘87 we introduce the Lax operator

B Wi = 1 A+nSS nSm
Lom()\)iﬂ—i_)\(go Sm)A( nSH  A—1S3 )’
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Gaudin Model

Lax operator

Following Sklyanin ‘87 we introduce the Lax operator

- N(~ & 1 A+nSS nSm
Lom(A) =1+ A (UO Sm) A ( nSh A —nSS
here
Sm:]1®...® S ®---®1,
m
withm=1,2,....,Nand S* o = 1,2, 3 are the spin operators
So — 10_04 _ 1 6043 0ot — 1042
2 2 5011 +Z(5a2 —(503 '

acting in C2. Notice that IL(\) is a two-by-two matrix in the & UAlgrr
auxiliary space V, = C2.
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Periodic inhomogeneous XXX spin chain

Gaudin Model

The so-called monodromy matrix
T(M\) = Lon(A —an) -+ Lot(A — ay)

is used to describe the system. Notice that 7()\) is a two-by-two
matrix in the auxiliary space V, = C2?, whose entries are
operators acting in .
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Gaudin Model

RTT-relations

Due to the Yang-Baxter equation, it is straightforward to check
that the monodromy matrix satisfies the RTT-relations

Roor (A — 1) To(A) Tor (1) = Tor (1) To(A) Roor (A — 1)

The above equation is written in the tensor product of the
auxiliary space Vo ® Vo = C? ® C2.
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Gaudin Model

Periodic transfer matrix

The trace of the monodromy matrix T()\) is the transfer matrix
t(A) = trg T ().

The periodic boundary conditions and the RTT-relations imply
that the transfer matrix at different values of the spectral
parameter commute,

[t(A), t(w)] = O.
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Gaudin Model

Periodic transfer matrix

The trace of the monodromy matrix T()\) is the transfer matrix
t(A) = trg T ().

The periodic boundary conditions and the RTT-relations imply
that the transfer matrix at different values of the spectral
parameter commute,

[t(A), t(w)] = O.
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Gaudin Model

Quantum determinant

The RTT-relations admit a central element
A[T(N)] = troo Pyo To (A —n/2) Tor (A +1/2) ,
where

. 1-Pw _ R (-3)
L 2 N 2n

©ualgrer

N. Manojlovi¢ and I. Salom Gaudin Model with Boundary



Periodic case

GM with boundary
Generalized GA
ABA

Gaudin Model

Quantum determinant

The RTT-relations admit a central element
A[T(N)] = troo Pyo To (A —n/2) Tor (A +1/2) ,

where

. 1-Pw _ R (-3)
L 2 N 2n

It is straightforward to show that
[A[T(w)], T(v)] = 0.
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Expansion of the monodromy matrix

Gaudin Model

As the first step toward the study of the Gaudin model we
consider the expansion of the monodromy matrix with respect
to the quasi-classical parameter 7

_ Go- S 772 5 Lo (émén)
Il—l—nz - 221()\—04,77)()\—(%)

A— am
n,m=

n#m

fz’V: (Z 100 - (énxém) +2N: z(_f’o-(émxén) ) +(’)(n3),

—am)(A—ap) (A —am)(A—ap)

©ualgrer
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Gaudin Model

Gaudin Lax operator

If the Gaudin Lax matrix is defined by
N CT’*O ’ §m

A—am
m=1
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Gaudin Model

Gaudin Lax operator

If the Gaudin Lax matrix is defined by
N CT’*O ’ §m

A—am
m=1

and the quasi-classical property of the Yang R-matrix

%R()\) =1-nr()\), where  r()\) = *g
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Gaudin Model

Gaudin Lax operator

If the Gaudin Lax matrix is defined by

N L A
G0 - Sm

A—am
m=1

and the quasi-classical property of the Yang R-matrix

1
XFx’()\) =1—nr(N), where r(A) = —§

is taken into account, then substitution of the expansion of the
monodromy matrix into the RTT-relations yields the so-called

Sklyanin linear bracket

[L1(A), La()] = [r2(A — 1), Li(A) + L2(p)] . @ unlgrer
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Expansion of the transfer matrix

Gaudin Model

Also, using the expansion of the monodromy matrix it is evident

that
y=2423S Sm- i o
W =2+7 2. 2 Gamir—an + o)
=1n#m
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Expansion of the transfer matrix monodromy matrix

Gaudin Model

Analogously, we obtain the expansion of the quantum
determinant

N N = =
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Generation function of the Gaudin Hamiltonians

Gaudin Model

To obtain the generation function of the Gaudin Hamiltonians
notice that

tA) —A[TN)] =1+ 7722% L2(\) + O(53),
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Generation function of the Gaudin Hamiltonians

Gaudin Model

To obtain the generation function of the Gaudin Hamiltonians
notice that

2
) — A[T\)] =1 + %tro L2()\) + O(53),
and by definition we have

[(t(X) = ATTMD) s (t() = A[T()])] = 0.
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Generation function of the Gaudin Hamiltonians

Gaudin Model

Therefore

(\) = %tro L2())

commute for different values of the spectral parameter,

[N, 7] = 0.
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Generation function of the Gaudin Hamiltonians

Gaudin Model

Moreover, the partial fraction decomposition of the generating

function is
N N
_~ 2Hnm - Sm
T()\)_r; A—O[m_‘_n; ()\—Odm)Z,
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Generation function of the Gaudin Hamiltonians

Gaudin Model

Moreover, the partial fraction decomposition of the generating
function is

N — —
£y om S
m=1 ()\ N am)Z’

and the Gaudin Hamiltonians, in the periodic case, are

_am

N — -
Sm- Sn
Hn=2 oo
n#m

g)) UAlgFrcr

N. Manojlovi¢ and I. Salom Gaudin Model with Boundary



Periodic case

GM with boundary
Generalized GA
ABA

Generation function of the Gaudin Hamiltonians

Gaudin Model

Moreover, the partial fraction decomposition of the generating

function is
N N oz Oz
_ x~ 2Hn n - Sm
T()\)_r; A—O[m_‘_r; ()\—Odm)z,

and the Gaudin Hamiltonians, in the periodic case, are

N — -
Sm- Sn
Hn=2 oo
n#m

This shows that 7(\) is the generating function of the Gau‘@‘umgm
Hamiltonians in the periodic case (Sklyanin '87).
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@ s/(2) Gaudin model with boundary
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K-matrix for the Gaudin model

Gaudin Model

For the study of the open Gaudin model it is necessary to
impose

(Iim K+(A)> K=(\) = (52 — X1+ om)) 1.

n—0

@ I‘JAlyg‘FVCT

N. Manojlovi¢ and I. Salom Gaudin Model with Boundary



Periodic case

GM with boundary
Generalized GA
ABA

K-matrix for the Gaudin model

Gaudin Model

For the study of the open Gaudin model it is necessary to
impose

In particular, this implies that the parameters of the reflection
matrices on the left and on the right end of the chain are the
same.
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K-matrix for the Gaudin model

Gaudin Model

For the study of the open Gaudin model it is necessary to
impose

(Iim K+(A)> K=()\) = (52 221+ om)) 1.
n—0

In particular, this implies that the parameters of the reflection
matrices on the left and on the right end of the chain are the
same. In general this not the case in the study of the open spin
chain. However, this condition is essential for the Gaudin

model.
@ UAlgFrcr
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Sklyanin Monodromy matrix 7 (\)

Gaudin Model

We use the Sklyanin approach to integrable spin chains with
non-periodic boundary conditions. The Sklyanin monodromy
matrix 7 () is

To(A) = To(MKy (A) To(A),

it consists of the matrix 7()), a reflection matrix K~ () and the
matrix
To(\) = ( p= ; ) =Lo1(A+ar +n)-- Lon(A + an +1).

©ualgrer
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Sklyanin Monodromy matrix 7 (\)

Gaudin Model

By construction, the exchange relations of the monodromy
matrix 7 () are

Roor (A—1)To(A) Roro(A+1) Tor (1) = Tor (1) Roor (A+1) To(A) Roro(A—pe).

©ualgrer
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Gaudin Model

Monodromy matrix 7 ()

From the equation above we can read off the commutation
relations of the entries of the monodromy matrix

A B
T = ( c(r) D() ) '
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Gaudin Model

Sklyanin determinant

These exchange relations admit a central element, the
so-called Sklyanin determinant,

A[T(AM)] = troor Pog To(A — 1/2) Roor (2A) Tor (X + 1/2).

Qunigr
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Gaudin Model

Generating function of the Gaudin Hamiltonians with
boundary terms

In order to simplify some formulae we introduce the notation

K=(2) = K(\)
L(A) = Lo(A) — Ko(\)Lo(—NKg ' (V).
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Gaudin Model

Generating function of the Gaudin Hamiltonians with
boundary terms

In order to simplify some formulae we introduce the notation

K=(2) = K(\)
L(A) = Lo(A) — Ko(\)Lo(—NKg ' (V).

Finally, the expansion reads
2X(A) — A[T (V)] = 2) (gz —X2(1+ ¢w)) +1 (52 —3)\(1+ w))
2 (52 X214 mo)) tro £2(\)

— L2 (14 ¢) + OP). O uaigr
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Gaudin Model

Generating function of the Gaudin Hamiltonians with
boundary terms

... in the trigonometric case the expansion reads

A[T(N]
sinh(2X)

tA) — = det Ko(A) + 1 (110 Kg (= \)Ko(N) + trggr Pog, Ko(N)rger (2A)Kor (X))

"72 -2 7’72 77 1 11
+ o) det Kp(A) trg Lo(XA) + = oKy (—X\)Ko(X) — 3 troKy (M) Ko(—X)

P

1 3
@y oo Foo Ko(X\)2 Rog/ (2)\)|77:0K0/(>\)> +0(n°).

1 _
+3 trogr Pog Kg(N)Kyr (A) —
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Gaudin Model

Generating function of the Gaudin Hamiltonians with
boundary terms

This shows that
T(\) = tro L5())

commute for different values of the spectral parameter,

[7(A), 7(1)] = O.
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Gaudin Model

Generating function of the Gaudin Hamiltonians with
boundary terms

This shows that
T(\) = tro L5())

commute for different values of the spectral parameter,
[7(A), 7(1)] = O.

and therefore can be considered to be the generating function
of Gaudin Hamiltonians with boundary terms.
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Gaudin Model

Generating function of the Gaudin Hamiltonians with
boundary terms

This shows that
T(\) = tro L5())

commute for different values of the spectral parameter,
[7(A), 7(1)] = O.

and therefore can be considered to be the generating function
of Gaudin Hamiltonians with boundary terms.
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Lax operator for the Gaudin model with boundary

Gaudin Model

With the aim of obtaining the Gaudin Hamiltonians with the
boundary terms from the generating function, it is instructive to
study the representation of Ly(\) in terms of the local spin
operators

N (= & Gy (K" (\)SmKm()
,co(»z(“"'s'u o (Ka') (>)>'

A—am A+ am
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Gaudin Model

Generating function of the Gaudin Hamiltonians with
boundary terms

It is straightforward to obtain the expression for the generating
function in terms of the local operators

Sm Sn

m,n=1

e ( 'NSaKa()) + (K7 (N)SaKa(2) ) - S
(A —am)(A+ an)

+

Sm Sn
T OtamOtan ) © ualgrer
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Gaudin Hamiltonians with boundary terms

Gaudin Model

The Gaudin Hamiltonians with the boundary terms are obtained
from the partial fraction decomposition of the generating
function. They correspond, up to constant multiplicative factors
and constant, scalar additive terms, to the residues of the of the
generating function at the poles A\ = an

=2 G,

— ap

-

am)Sm 1(Qm)> -Sn+ Sn- (Km(am)SmKr;1(am))

am + ap

r\) \

E (
© UAlgrer
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Gaudin Hamiltonians with boundary terms

Gaudin Model
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Gaudin Hamiltonians with boundary terms

Gaudin Model

... in the trigonometric case we have

N " o N 3 3, o33
EEn 658 ShSh + ShS
Hm = Z coth(aem — ap) ansi 4 MR T TmTho) 4 ZCOth(“’m +ap) T
= 2sinh(am — anp) — 2

Y sinh(2am) L S3ST+SISS  sinh(é —am) L S, St + SiSy
& sinh(§ + am) ;= 2sinh(eem + ap)  2sinh(§ + am) 7={ 2sinh(am + an)

n

/ . N + o3 3 A N — —
_ ¢ sinh(2am) 3 coth{aum + n) S5HS3+S3SS  sinh(€ + am) S4HSn + Sy Sh
& sinh(§ — am) 1= 2 2sinh(§ — am) ;=1 2sinh(am + an)
2 sinh?(2aum) N St S SHist

!
K2 2sinh(& — am)sinh(€ + am) = 2sinh(am + (\,7)'

@ UAlgrcr
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Gaudin Model

Outline

9 Gaudin Model

@ Generalized Gaudin algebra
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Gaudin Model

Reflection equation

In 1988 Sklyanin introduce non-periodic boundary conditions
compatible with the integrability of the system.

Boundary conditions on the left and right sites of the chain are
encoded in the left and right reflection matrices K~ and K.
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Gaudin Model

Reflection equation

In 1988 Sklyanin introduce non-periodic boundary conditions
compatible with the integrability of the system.

Boundary conditions on the left and right sites of the chain are
encoded in the left and right reflection matrices K~ and K.
The compatibility condition between the bulk and the boundary
of the system takes the form of the so-called reflection
equation. It is written in the following form for the left reflection
matrix K—(\) € End(C?)

Rio(A—p) Ky (M) Ro1 (A1) Ky (1) = Ky (1) Bia(A+p) Ky (A) Rt (A—p).
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Quasi-classical limit of the RE

Gaudin Model

Our aim is to derive the commutation relations between the
entries of the Lax operator as the quasi-classical limit of the
exchange relations above.

@ l‘JAlyg‘FvCT
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Quasi-classical limit of the RE

Gaudin Model

Our aim is to derive the commutation relations between the
entries of the Lax operator as the quasi-classical limit of the
exchange relations above. As the first step in this direction we
observe

(T = nr2(A — @) Ki(A) (1 = nra1 (A + p)) Kao(p) =
= Ko(p) (1 — nra(A + p)) K1 (A) (T — nr21 (A — p))

©) Unlgrcr
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Gaudin Model

Classical RE

Since the condition obtained at the zero order in 7 of the above
equation is identically satisfied for any K()\), dividing by n and
taking the limit » — O we obtain the classical reflection equation
rz2(A — p)Ki(A\)Ka(p) + K1 (A)r21 (A + ) Ka(p) =
= Kg(,u)ﬁg(/\ aF ,[L)K1 ()\) aF Kg(,u)K1 ()\)I’21 ()\ = /1).
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Gaudin Model

Quadratic identity

The terms of the second order in n are

r2(A = p) Ky (A) 21 (A + ) Ko (1) = Ka(p)ra(A+ ) Ki (A r21 (A — ).

This equation is also satisfied by the K-matrix and the classical
r-matrix.
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Gaudin Model

Classical YBE

Let us recall that the classical r-matrix has the unitarity property

r1(—A) = —r2(A),

and satisfies the classical Yang-Baxter equation

[r13(A), ra(p)] + [r2(A — p), r13(A) + r2a(p)] = 0.
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Quasi-classical limit of the ER

Gaudin Model

Now we can proceed to the derivation of the relevant linear
bracket relations of the Lax operator. The desired relations can
be obtained by writing the exchange relations above in the
following form

(1 = nroo (A = 1)) To(A) (1 = nroro(A + 1)) Tor (1) =
= To (1) (1 = nroor (A + 1)) To(A) (1 = nforo(A = 1))

@ l‘JAlyg‘FvCT

N. Manojlovi¢ and I. Salom Gaudin Model with Boundary



Periodic case

GM with boundary
Generalized GA
ABA

Quasi-classical limit of the ER

Gaudin Model

and substituting the expansion of 7(\) in powers of n

7? d?T(N)

TA) =K+ LAWK + 5 d7772|n:0 + O(n).
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Quasi-classical limit of the ER

Gaudin Model

and substituting the expansion of 7(\) in powers of n

7? d?T(N)

TA) =K+ LAWK + 5 d7772|n:0 + O(n).

The zero and first orders in 7 are identically satisfied for the
matrix K(\).

©) Unlgrcr
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Quasi-classical limit of the ER

Gaudin Model

and substituting the expansion of 7(\) in powers of n

n? d?T (A
T(\) = K(\) +n LK) + }E dn(2)|”‘° + O(n3).
The zero and first orders in 7 are identically satisfied for the
matrix K(\). The relations we seek follow from the terms of the

second order in 7.
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Quasi-classical limit of the ER

Gaudin Model

and substituting the expansion of 7(\) in powers of n

2 A2
TA) =K+ LAWK + % d;;(z)\)h—o + O(n).

The zero and first orders in 7 are identically satisfied for the
matrix K(\). The relations we seek follow from the terms of the
second order in n. When the terms containing the second order
derivatives of 7 are eliminated and the quadratic identity above
is used to eliminate the other two terms, there are ten terms
remaining.

©) Unlgrcr
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Gaudin Model GM wnh'boundary
Generalized GA
ABA

Linear bracket

Then using twice the classical reflection equation and the
unitarity property and multiplying both sides from the right by
Ky '(\)Ky ' (1) one obtains

[£o(N), Lo ()] = [roor (A — 1) = Kor()roor (A + 1) K (1), £o ()]

— |0l = X) = Kool + NKg ' (), Lor(1)] -
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Periodic case

GM with boundary
Generalized GA
ABA

Gaudin Model

Linear bracket

Defining

8O 1) = oo (A — 1) — Ko (1) roor (A + 1)Ky, ' (1),
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Periodic case

GM with boundary
Generalized GA
ABA

Gaudin Model

Linear bracket

Defining

1o (O 1) = roor (A — ) — Ko (1) roor (X + ) Ky (1),

the commutation relations are given by

[£o(N): Lo ()] = |y (A 1), Lo(N)] = [ ol A), Lor(11)] -
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Periodic case

GM with boundary
Generalized GA
ABA

Generalized classical Yang-Baxter equation

Gaudin Model

The linear bracket above is obviously anti-symmetric.
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Periodic case

GM with boundary
Generalized GA
ABA

Generalized classical Yang-Baxter equation

Gaudin Model

The linear bracket above is obviously anti-symmetric. It obeys
the Jacobi identity because the r-matrix r satisfies the
so-calledgeneralized classical Yang-Baxter equation

[Fé(z(y, /L)v r1}§3(/\7 V)] + [I’.|K2()\, N)? r1}€3(/\7 V) + r2}1(3(/i7 V)] =0.
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Periodic case

GM with boundary
Generalized GA
ABA

Local realization of the Lax operator

Gaudin Model

The local realization of the Lax operator of the non-periodic
s¢(2) Gaudin model is given by

oy - (B FO))

E(A) —H()
Y (G- 8m | Ko(N)FoKy (M) - Sm
- (fordn,
— A—am A+ am
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Periodic case

GM with boundary
Generalized GA
ABA

Local realization of the Lax operator

Gaudin Model

with the following local realization for its entries

N/ st (& +M)Sh
EN =) ()\—am+ (g—)\u)(A+am)) ’

Nors8  xShH+(€—w)S8
HO) = 2, (32 e )

N0 Sm (€= M)2Sy — NRSH — 2)x(€ — W) S,
v = Z </\ —am (& + M) (€= W) A+ am) ) '

@ l‘JAlyg‘FvCT

N. Manojlovi¢ and I. Salom Gaudin Model with Boundary



Periodic case

GM with boundary
Generalized GA
ABA

Generalized s/(2) Gaudin algebra

Gaudin Model

The linear bracket based on the r-matrix r, (), 1) defines the
Lie algebra the so-called generalized s¢(2) Gaudin algebra.
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Periodic case
Gaudin Model GM with boundary

Generalized GA
ABA

Generalized s/(2) Gaudin algebra

The linear bracket based on the r-matrix r, (), 1) defines the
Lie algebra the so-called generalized s/(2) Gaudin algebra.

It is instructive to introduce the generators &(\), h(\) and ()
as the following linear combinations of the original ones

a0 = Ve,
RO = 5 (HO) - 52 E0).
F0) =+ (€ + A)F(N) + bAH() .
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Periodic case

GM with boundary
Generalized GA
ABA

Generalized s/(2) Gaudin algebra

Gaudin Model

Notably in this basis the following three relations vanish

(B, 8(1)] = [A(N), ()] = [, ()] =o.
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GM with boundary
Generalized GA
ABA

Generalized s/(2) Gaudin algebra

Gaudin Model

Notably in this basis the following three relations vanish
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Periodic case

GM with boundary
Generalized GA
ABA

Generalized s/(2) Gaudin algebra

Gaudin Model
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Periodic case
GM with boundary

Gaudin Model .
Generalized GA

ABA

Generalized s/(2) Gaudin algebra

[FO).700] = 5z (70 = TON) = g (12P0) = 2B
- ()\21/)22)52 (Mgé(/l) - )\25()\)) )

(300 7()] = 2z (12800 — 28(1)
- s (@ = 2B — (& - 32h)
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Periodic case

GM with boundary
Generalized GA
ABA

Generalized s/(2) Gaudin algebra

Gaudin Model

With the aim of simplifying further the relations above we
introduce the new generators e(\), h(\) and f()\) as the
following linear combinations of the previous ones

e(A) = e(V),
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GM with boundary
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ABA

Generalized s/(2) Gaudin algebra

Gaudin Model

With the aim of simplifying further the relations above we
introduce the new generators e(\), h(\) and f()\) as the
following linear combinations of the previous ones
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Periodic case

GM with boundary
Generalized GA
ABA

Generalized s/(2) Gaudin algebra

Gaudin Model

With the aim of simplifying further the relations above we
introduce the new generators e(\), h(\) and f()\) as the
following linear combinations of the previous ones

e(A) = e())

h()\) = h(\) + 2zy’é(A)

() = f() + Ve h(\) + v e(\)
. v 4,2
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Periodic case

GM with boundary
Generalized GA
ABA

Generalized s/(2) Gaudin algebra

Gaudin Model

It is straightforward to check that in the new basis we continue
to have

[e(A), e()] = [A(A), ()] = [FN), ()] = 0.
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Periodic case

GM with boundary
Generalized GA
ABA

Generalized s/(2) Gaudin algebra

Gaudin Model

But the key simplification occurs in the three nontrivial relations
which are now given by

A e(0)) = 17— (1) ~ e(V).
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Periodic case

GM with boundary
Generalized GA
ABA

Generalized s/(2) Gaudin algebra

Gaudin Model

But the key simplification occurs in the three nontrivial relations
which are now given by
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Periodic case

GM with boundary
Generalized GA
ABA

Generalized s/(2) Gaudin algebra

Gaudin Model

But the key simplification occurs in the three nontrivial relations
which are now given by
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Periodic case

GM with boundary
Generalized GA
ABA

Generalized trigonometric s¢(2) Gaudin algebra

Gaudin Model

In some sense the situation is very similar to the rational case.

Thedlocal local realization for the entries of the Lax matrix now
reads

N n . B "
EQ) = Z ( : Sis : sinh(& : A) Sy >
g \sinh(A —am)  sinh(€ + X) sinh(X + am)
H(A) = ZN: th(A ) S + coth(A + am) S ¥ sinh(2)) Sp
T\ ) S 5 & ) D TG 4 2N SO < @)
by S, sinh(¢ + \) S, 24) sinh(2)\)
F(A\) = i m = h(A + am) S2
) r; (sinh(A —am) | Sinh(€ — A)sinh(: + m)  rsinh(e — A) (A am) S

¢? sinh®(2)) S
~ k2sinh(€ — A)sinh(€ + A) sinh(X + am)
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Periodic case
GM with boundary
Generalized GA

Gaudin Model
ABA

Generalized s/(2) Gaudin algebra

Unfortunately, the final key simplification does not exist in this
case so the formulae of the commutators are complicated

1

[A(X), e(u)] = m (e(p) — e(N)),
B —1 B 21 coth(&)
). )] = S st g () — O+ e e )

2'1;‘;2
X
K2 sinh(\ — ) sinh(X 4 w) sinh2(&)

x (sinhz(u) h(12) — sinh?(X) h(A)) +

x (sinhz(u) (1) — sinh?(X\) e(A)) ,
2

—24
1) coth(&) »
sinh(A — ) sinh(X + p)

(o). ) = rsinh(A — ) sinh(X + p)
X (sinh(§ — p)sinh(& + ) h(p) — sinh(§ — X)sinh(€ + X) h(X)) .

(sxnhz(,l)e(u) — sinh?()\) e(A)) "
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Periodic case

GM with boundary
Generalized GA
ABA

Gaudin Model

Outline

9 Gaudin Model

@ Algebraic Bethe Ansaiz
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Periodic case

GM with boundary
Generalized GA
ABA

Algebraic Bethe Ansatz — s/(2) Gaudin with boundary

Gaudin Model

In every V,,, = C?5t there exists a vector wm, € V;, such that
Consequently we define a vector Q2 to be

QU =w® - Quwy eH.
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Periodic case

GM with boundary
Generalized GA
ABA

Algebraic Bethe Ansatz — s/(2) Gaudin with boundary

Gaudin Model

In every V,, = C?S*1 there exists a vector wm, € Vp, such that
S?nwm =Smwm and Stwm=0.
Consequently we define a vector Q2 to be
QU =w® - Quwy EH.
It follows that
e(N)Qr =0 and h(N)Q4 = p(N)Q4,
with

N N
1 Sm Sm B 23,,,
=33 (7 xi) = 2 g @
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Periodic case

GM with boundary
Generalized GA
ABA

Algebraic Bethe Ansatz — s/(2) Gaudin with boundary

Gaudin Model

The vector Q4 is an eigenvector of the generating function ()

202 p(\) p’(M) 5
£2 — )22 A\ +-

VR = xo()Q = 222 <p2(A) ¥
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Periodic case

GM with boundary
Generalized GA
ABA

Gaudin Model

The Bethe vector p1(1u)

The first Bethe vector is given by

p1(p) = f(r)S24.
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Periodic case

GM with boundary
Generalized GA
ABA

Gaudin Model

The Bethe vector p1(1u)

The first Bethe vector is given by

p1(p) = f(r)S24.

The off-shell action of the generating function 7(\) on 4(u) is

T(N)e1() = x1(\ )1 ()
8)\2 2 _ 1,21/2 VZ
Toe- ;Eg)(g/ /\2)1/2) <p(“) v W) p1(A),
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Periodic case

GM with boundary
Generalized GA
ABA

Gaudin Model

The Bethe vector ¢1(u)

with

8)\? 2
22— 2 </’()‘) + €2 _ )\2,/2> :

The unwanted term vanishes when the following Bethe
equation is imposed on the parameter y,

X1 (A 1) = xo(A) —
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Periodic case

GM with boundary
Generalized GA
ABA

The Bethe vector o (11, p2)

Gaudin Model

The Bethe vector pao(u1, p2) is the following symmetric function
of its arguments

p2(p1, p2) = F(pr)F(p2)82.

The off-shell action of the generating function 7(\) on
p2(p1, pi2) reads

T(N)wa(p1, ) = x2(X, p1, p2)p2(pi, H2)

N 8x2 g2 — 22 () +
B e o L YRS S
N 22 \MHV T 2 e T2

8x2 &2 _ 2.2 ( o 2 o > )
P2 P2l A)s
2 _ 2 g2 2,2 B _ B2 2 _ 2
A K5 & Afv & M5V M5 — 1Y @UAI e

) p2(A, p2)
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Periodic case

GM with boundary
Generalized GA
ABA

Gaudin Model

The Bethe vector o (11, p2)

with the eigenvalue

2 82 V2 1
xa(X, 11, p2) = xo(A) = > 2 p(A) 4 222 :

2 _ 2
i=1 i H3_j

The two unwanted terms in the action above are canceled
when the following Bethe equations are imposed on the
parameters p1 and po,

2
v 2
p(/-“) + - = 07

€2 —psv?  pf g

2
v 2

p(p2) + - =0.

€ —pu5r? s —pf © UAlgrr
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Periodic case

GM with boundary
Generalized GA
ABA

ABA — trigonometric s¢(2) Gaudin with boundary

Gaudin Model

Here again we have that
e(N)Qy =0 and ANy = p(N)Q4,

but now we have

N
Sm

p(A) = 2:1 sinh(A + am) sinh(A — am)’

m=
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Periodic case

GM with boundary
Generalized GA
ABA

ABA — trigonometric s¢(2) Gaudin with boundary

Gaudin Model

Again the vector €2 is an eigenvector of 7(\)

T(A)24 = xo(A)S2+

o p(A) 4G
= 2sinh?(2)) (PZ(A) " Sinh(€ + A)sinh(€ — A) Si”h(”)) e
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Periodic case

GM with boundary
Generalized GA
ABA

Gaudin Model

The Bethe vectors

In this case, probably the simplest way defined the Bethe
vectors is to consider the family of operators

Cr() = F(p) + 9 ((2K 1)+ (e*% . cosh(2,u)) h(u))

K
/9/)2 eff
k2 2sinh(&)

(efz5 +1-— 2cosh(2;1,)) e(u),
for any natural number K.
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Periodic case

GM with boundary
Generalized GA
ABA

Gaudin Model

The Bethe vectors

Then the Bethe vectors are given by

e1(p) = C1(p) s, w2, p2) = C1(p1)Ca(p2) 2t

e3(p1, 2, ug) = C1(p1)Ca(p2)Ca(13) 24
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Periodic case

GM with boundary
Generalized GA
ABA

Gaudin Model

The Bethe vectors

Then the Bethe vectors are given by
o1(p) = C1(p)Qs,  wa(p1, p2) = C1(p1)Calp2) 2+
e3(p1, 2, ug) = C1(p1)Ca(p2)Ca(13) 24

Although in general the operators Cx () do not commute, it is
effortless to confirm that the Bethe vector o (1, 112) is a
symmetric function

w2(u1, p2) = C1(p1)Ca(p2)2+ = C1(p2)Calp1)+ = pa(pz, p1)-
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Periodic case

GM with boundary
Generalized GA
ABA

Gaudin Model

The Bethe vectors

Direct calculation shows that the off-shell action of the
generating function 7(\) on 2 (u1, u2) is given by

2 2sinh?(2)) sinh(§ + pj) sinh(§ — ;)
A s A,
T(N)p2(p1, p2) = x2(X, 11, w2)e2(p1, 112)+Z SN - pap) sinh(X — 7a7) sinh(E  A)sinh(€ — X)

1 2

x| 2p(pi) + - - = - w2(X; p3—j),
( o) sinh(& + p1) sinh(§ — 1) sinh(pj + pg ;) sinh(pj — pg /‘)) re i

with the eigenvalue

2 P2
2sinh“(2X\)
A, ey Bo) = A X
X2(A; p1,5 p2) = x0(A) ;71 SnhOx + ) sinh( — 1)

1 1
2p(A = 5
* < () + sinh(€ + A)sinh(§ — \) sinh(X\ + pg_ ;) sinh(A — /1,3,,))
@UAlg‘FvC?I'
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Periodic case

GM with boundary
Generalized GA
ABA

Gaudin Model

The Bethe vectors

The two unwanted terms in the action above vanish when the
Bethe equations are imposed on the parameters p4 and uo,

1 2
sinh(§ + i) sinh(§ — i) sinh(uj + pg—i) sinh(ui — pg-i)
with i = 1,2.

2p(,u,-)—|— = 07
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Summary

Summary

@ Nowadays we know how to deal with non-periodic
boundaries for the Heisenberg spin chains.
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