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We would like to treat metric and affine structures as two different
entities.

Affine connection defines the covariant derivatives
VA = 0 A, — I'f,fl,Aa,

VA = AT + TV A
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One can determine the transformation properties of the connection
coefficients.

oxt [ox*ox'’ _,, 0°x'?

re = r A
T oxP \ Oxk dxv B + OxHOXY

Now we see that symmetric connections, I}, =T, are somewhat
distinguished from the viewpoint of the equivalence principle since
they can be set to zero at any single point by a mere coordinate
transformation.

On the other hand, the antisymmetric part is a tensor, and it is

known under the name of torsion

« _ ra «
T;w_r;w_rvu
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Given an affine connection, one can generalise the notion of a
straight line.

We will call a line x#(7) geodesic if an only if its tangent vector
el = ‘2‘—: remains tangent when parallelly transported along the
line. In other words, the tangent vector is covariantly constant
along the line.

Therefore, under an infinitesimal change of parameter 7 we have

dx* dx® dx® dx”
- = _JH XV =T — —
g dr Mo dr ox Mo dr dr oT.
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It gives the geodesic equation

d?xH dx® dx”
S U ——
dr2 Y dr dr

This equation is invariant under affine changes of 7.

Otherwise, there is a preferred choice of parameter, the affine
parameter. Under a general non-linear reparametrisation, this
equation becomes more complicated. This fact allows one to define
the null infinity in general relativity. A null geodesic is infinitely
long if its affine parameter reaches an infinite value.
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One can ask now how to distinguish between a real curvature and a
flat space in curvilinear coordinates. The answer is very simple. It is
difficult to compare two vectors at a distance from each other, but
it is fairly easy to do so if they are at the same point in the space.
If one parallelly transports a vector along a closed contour, then the
resulting vector coincides with the initial one if the space is flat.
Therefore, if after such a procedure the vector has changed, it is a
clear indication of the curvature.
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Let us perform a parallel transport of a vector £ along a closed
infinitesimal contour C. After one revolution we have

s = fart
C
where the vector function #(x(7)) is determined by the parallel
transport equation &* = —rﬁaga%. Let us assume for simplicity

that the origin of the coordinate system (x* = 0) is chosen inside
the contour, then we use the parallel transport equation and Taylor
expand the vector field components and the connection coefficients
around the origin
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As at the lowest order it is proportional to § dx* = 0, we look at
the first correction:

dx”
OEH = — ?{ dr [F’V‘a f;xp + F{,La’pfaxp + O(XZ)] g
C
and in the first term we use the parallel transport equation again

(assuming that the vector field £ is covariantly constant
everywhere in vicinity of the contour), {9 = —I0 £

v

dx
0t = — 7{ dr [—rgar;g,g“xp + rﬁ(,’péaxp + O(X2)] s
C
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Omitting the O(x?)-corrections, the integral is proportional to

%xpi;(dT——%x dT—//pr/\dX
T

the antisymmetric area element (encircled by the contour C) which
we will denote by SP”. The antisymmetrised coefficient must also
be tensor, and finally we get

SeH = j{dTéM - _- UPVEUS’W
C
where the Riemann tensor is defined as
R - rlljo’p rZa v + rZargU rgarga‘
By definition,
R'uapzx = _Rum/p'
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Of course, we could also transport a one-form instead of a vector
around the contour. It yields the same tensor:

: 1
5 = A7 = 5RO GaS"
C

The change of sign ensures that the scalar quantities remain
unchanged.
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In case of symmetric connections, the Riemann tensor has
further symmetry properties. A simple inspection of the definition
readily shows that for symmetric [ we have

7 H H _
Ra57+Rﬁva+Rvaﬁ_ :

And there is also a differential identity (Bianchi identity) in this
case:

VaRl 5, + VaR  ya + V4 RY,05 = 0.

For non-symmetric connections, we would have torsion terms in the
right hand side.
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There is also another way to introduce the curvature. Normally, the
partial derivatives commute. However, it is not true of the
covariant ones. Let us compute the commutator:

(Vi V€% = 0 (006 + T556°) = v (91€” + Tia”) =
= 0y (006 + T3 ) 415, (0,67 + 1067 ) =10, (8,67 + Tos6”) -
0y (008" + 1567 ) =15, (987 + rp5£5)+r” (96> + ") =
R = Tl 7 €°

where T, =7, — %, is the torsion tensor.
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[VM ) vl/] Sa = aﬁuyéﬂ - Tp;u/ Vp Sa

Alternatively, we could have used a one-form instead of a vector,

[Vu 9 VV] Ca = _RBQHVC,B - Tpuy v,D ga-

Alexey Golovnev Saint Peterburg State University Teleparallel gravity, its modifications, and the local Lorentz



We also have a metric structure on the manifold. The commonly
adopted compatibility condition asserts that the metric tensor must
be covariantly constant, /,8,3 = 0.

This requirement,

Op8ap = T[ia80s + I},58ap;
fixes the symmetric connection uniquely in terms of the metric
P 1 ou
Mg = 58" (0agup + pgap — uap) -

A general connection has also contributions from torsion and
non-metricity Qua8 = Vu8a3-
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If we have a metric, we can raise and lower the indices. Moreover,
if the connection is metric compatible, we can commute the
metric with the covariant derivatives. It implies new symmetry
properties of the Riemann tensor. We can rewrite the commutators
of covariant derivatives as

[Vu ) VV] fa = Raﬂ/wfﬂa

[Vu ) VI/] Ca = _Rﬂauugﬁ

And we deduce:
Ra,@/u/ = _Rﬁauy-
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For Levi-Civita connection we also have

Ruwvap = Ropu-

There is also one more respect in which the Levi-Civita connection
is compatible with the metric structure. An alternative definition of
the geodesic line is the path of the shortest distance between two
points (provided they are not too far from each other). For the
Levi-Civita connection these are the same.
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In the tetrad formulation, the metric at each point is associated
with the set of tangent vectors via

b
Buv = ezeynab
which defines the tetrad fields e up to local Lorentz rotations.

Since we are interested in non-degenerate metrics, we assume that
e, form a non-degenerate matrix, and inverse tetrads el can be

H H H a M — sa aply — SV i
defined as the inverse matrix so that eje; = d7 and ejel = J;, with
v, ab

v
g =eleyn

for the inverse metric.
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Now we can, if we want, consider every tensor with Latin indices
instead of spacetime ones with the relation between the two being
understood as

al,.-;dn — La1 ... p9n 1;---yQn 61 . 5"’7
7;31,...,bm = € € %Ciwwﬁm by €bm *

Qn
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Moreover, we can now have two types of the connection
coefficients, FO‘B for the usual tensors and waub for those with
tangent space indices. The latter of course must transform as a
connection, whilst the tetrad by construction transforms as a
tensor. Therefore, under a Lorentz rotation A,

el — N2eo,  w?,, — NwS,g(ND)] — (N120,A5 .

cCus
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In order to freely change the nature of the indices by the tetrads, we
wish this procedure to commute with taking a covariant derivative.
Obviously, this goal would be achieved by the following requirement

ouel + w"ube,f’ - e =0

which can be referred to as vanishing of the "full covariant
derivative" of the tetrad. With this understanding in mind, we can
conveniently use tensors with indices of both types, and the
covariant derivatives would be unambiguously defined for a tensor
even if we are allowed to transform from one type to another.
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The recipe is that we use [-terms for Greek indices, and w-terms
for Latin indices: 7, T** = 9, T** + T}, T 4 w? T b,

The condition of vanishing of the "full covariant derivative" of the
tetrad is solved straightforwardly to obtain

a _ L« a a b — L& a
M = € (8#e,, +w Mbey) =ey Due,

with ©,, being the Lorentz-covariant (with respect to the Latin
index only) derivative.

or another way around

a _ jara v v a
Wb = ear,uzleb - ebaﬂeu

. , . O
In particular, one can find the spin connection w which corresponds

to the Levi-Civita connection T (g) of a given metric g.
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Basically, both F!‘jﬁ and waub represent one and the same
connection in different disguises. This conclusion is further
substantiated by comparing the curvatures for both connections,

a _ a a a c a c
R b,ul/(w) - 6ﬂw vb an ub tw ucW pp T Wy ub

and
RO‘BW(I') = 8ul'ff -0, I'aﬂ + I' I' o I'uﬂ,

which after a simple calculation gives

a,é’,uu( ) €a Rab;u/( )eg

In other words, the two Riemann tensors are related by mere
change of the types of indices. Therefore, those are one and the
same tensor under our conventions which are common for all the
tensors we use.
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Note also that the non-metricity in this formalism (with the
vanishing of the "full covariant derivative" of the tetrad) is
automatically equal to zero because

Vo 8uv = Nab (8(1 < ,u y) - rﬂ eﬁe - rgue,u ﬁ)
_ebe (nabw ac T nacw b) =0

where we have used the assumption that the matrices w',,. = w?
belong to the Lie algebra of the group SO(1,3).

In particular, absence of non-metricity leads to antisymmetry of the
Riemann tensor with respect to interchange of the first two indices,
Rapuw = —Rgapw-
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Assuming that /48, = 0, one can follow the standard textbook
derivation of the Levi-Civita connection and prove that

a (0)a a
r,uu =T ,u,u(g) + K 1%

where r (g) is the Levi-Civita connection of the metric g, while
the tensor K

1
(Ta,uy + Tya,u + T,uoa/) = 5 (Tuau + Tuau - Tal/,u) ’

N~

Ka,u,z/ =

is known under the name of contortion.
It is obviously antisymmetric with respect to two indices:

Kauu = - Kl/,ua .
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Substituting our connection into the the definition of curvature, we
get

o] Q (0) (O) «@ (0) (o] o P (o] P
R Buv(r) =R ﬁ;w( r+v wKop= Kt KO, K uﬂ_K K uB

(0)
for the Riemann tensor with <7 , being the covariant derivative
_ (0)
associated to T 7, (g).
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Making the necessary contractions we obtain the scalar curvature

(0) (0)
R(F):R(r)+2vuT“+’]I‘

where the torsion vector is

— « . «
Tu=T% =T %
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and the torsion scalar can be written in several equivalent ways:

1
T = iKaﬁuTﬁo‘“—TuT“
1
= iTaIBMSO‘BU
1 afu 1 Bap (
= ZTaBuT +§Ta/3MT - T,T

with the superpotential
Sour — Kpav +gau TV — goa/ TH
which satisfies the antisymmetry condition

Souv _ _ gavp
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In the classical formulation of teleparallel gravity, one uses the
Weitzenbdck connection given by

ma
w Mb:O

or

a o a
r,u,l/_eaaueu

I
which is obviously curvature-free, Raﬁw( r)=0.
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We can denote the determinant of e} by ||e||, and see from

(0) (0)
RM)=R(r)+2v ,7+T

that the action
Sy = —/d4x|e|| -T

(0)
is equivalent to the action of GR, [ d*xy/=—g - R(T "), modulo the
surface term, if the Weitzenbdck, or any other inertial, connection
is assumed.
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We are also interested in equations of motion.
We have the following first order variations for the inverse tetrad,
measure, metric and torsion:

dell = —elleldel,
ollell = llell - ey deg,

08w = MNab (ejéeyb + ejéeﬁ) ,
g = —(ghvel +g"%et)deld,

6. T%,, —e2 T'Bwjéeg + €5 (Dudel — D, d€]) .

Alexey Golovnev Saint Peterburg State University Teleparallel gravity, its modifications, and the local Lorentz



In particular, for the teleparallel equivalent of GR we have §.S
= / d*x|le| - (—250"“’ Tagl,eféej + Tebde; — ZSB“aejf@aéez)

with the Lorentz-covariant derivative © being equal to the ordinary

one, since w® , = 0 in the Weitzenbdck case.
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We need to perform integration by parts in the last term which
gives

2662 (0u (Ilell - 555 ) = lel] - wb,,5,""¢f))
©) po v « Bsaa
= 2He|| AV asﬁ -K a,BSVM A 5eu

where we have used the antisymmetry of S and corrected for the

(0
difference between [ and [ by the second term on the right hand
side. Indeed, due to the antisymmetry of S we have

(0) 1 (0) y
VSt = H&/ (lellS4") = w ,,5,"
and correct for the different connection by noting that
b _ D b
W7 — W Va:KVa'
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Finally, using the non-degeneracy of tetrads, we get the equations
of motion in the form

(0) o . 1
\V4 aSﬁ — Sar (Tag,, =+ Ka,,g) + §T5 =0

which can be shown to be equivalent to general relativity by direct
substitution of

Qv (0) (0) « (0) «@ « 14 (o] P
Rﬁw(r):_ VK% = VK u6+KupKu,B_KVpKuB

into the Einstein equation,
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What if we covariantise the model by substituting an explicit spin
connection?

Variations with respect to the spin connection coefficients can be
derived exactly since

0 T, = dw®,, —dw®

uv puv v

; ; a — pasbg a
is an exact relation for dw?,, = efejow? ;.
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Suppose, we want to covariantise the teleparallel action by allowing
for an arbitrary spin connection in the torsion scalar,

S=— / d*xlle]] - T(e,w).

and varying independently with respect to both variables e and w.
We have

0wS = — / d*x|le| - (TH,, + 2T,60) 6w™,”.

The equation of motion is
TE,, + TLoH — T, =0
which (in dimension d # 2) entails T,, = 0 upon tracing, and totally
T, =0.

It does not give the desired result!
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A better idea would be to vary the spin connection in the inertial
class only. The latter can be imposed by demanding

Wy = —(N)20uN;

where A is an arbitrary Lorentz matrix and varying

S = — / d*x|lel| - T(e,w(M))

with respect to e and A.

Literally it means that there exists a frame in which w =0
(Weitzenbdck), however one is allowed to make a local Lorentz
rotation by an arbitrary matrix field Aj(x) whose values belong to
Lorentz group.
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Explicit calculations are given in

Alexey Golovnev, Tomi Koivisto, Marit Sandstad.
On the covariance of teleparallel gravity theories.
Classical and Quantum Gravity 34 (2017) 145013
https://arxiv.org/abs/1701.06271

However, the essence is very simple. Varying the spin connection
with fixed tetrads does not change the Levi-Civita connection, while
we know that in any case

(0)
(5/\T = (5/\R((U) -2 \V4 H((SA T“)

where 0p(...) = du(...) - Iaw.

Since R(w(A)) = 0, the variation §,,Sqy is a surface term and does
not produce any new equation of motion. The model, though
locally Lorentz covariant, is then equivalent to teleparallel gravity.
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a

b = 0 with a Lagrange

Equivalently, one could also impose R
multiplier. Then the action would be

Segy = — / d4xHeH : <T(G,W) + )\abuuRabuu(w)>

where A2 is a Lagrange multiplier with the symmetry properties
Aab,uu — _)\abz/,u and )\ab,uzl — _)\ba;w'
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Finally, we would also like to notice that if we take an action

Suee = [ d*xle] (T . egRabuy(w)eznbc) ,

then it is equivalent to the Einstein-Hilbert action modulo a surface
term, with an arbitrary spin connection, not necessarily inertial.
The spin connection makes only a superficial appearance here, and
one can formulate equations of general relativity in terms of
arbitrary spin connection with geometries containing both curvature
and torsion.

Unfortunately, a quick look at variations shows that a generalisation
with non-linear functions of this Lagrangian density does not give a
non-trivial model.
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It would be interesting to try making modifications of GR in the
teleparallel framework. One very popular example is 7(T) gravity.

The covariantisation procedure works differently in generalised
teleparallel gravities. Since the dependence on the spin connection
in generalised models cannot be reduced to a surface term, the
variation §,, produces non-trivial equations of motion.
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However, admissible variations of w in the inertial class amount to
local Lorentz transformations. Note also that a covariantised action
is, by definition, identically invariant under simultaneous local
Lorentz transformation of the spin connection and the tetrad (and
other non-trivially transforming fields if there are some). Therefore,
the stationarity of the action under local Lorentz transformations of
the spin connection is equivalent to that under local Lorentz
rotations of tetrads. The latter is already ensured given that the
equations of motion for the tetrad are satisfied since the local
Lorentz rotation is nothing but a special class of variations of the
tetrad.
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Explicit calculations are given in

Alexey Golovnev, Tomi Koivisto, Marit Sandstad.
On the covariance of teleparallel gravity theories.
Classical and Quantum Gravity 34 (2017) 145013
https://arxiv.org/abs/1701.06271
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Let us consider an f( T) model with inertial spin connection,

Sty = — / d'x|lel| - £ (T(e, w(A)).

We want to derive equations of motion.
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Making the variation with respect to the tetrad gives

0
F(T) - R + K09, (T) — THOF(T) + A(T)- g =0

Unlike in the TEGR case, this equation has a non-trivial
antisymmetric part

ToM 9 f'(T) + TYOf'(T) — TH"F/(T) = 0

which reflects the non-invariance under local Lorentz rotations of
tetrads.

Variation with respect to the purely inertial spin connection gives
the same result.
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We have seen that there are several methods of approaching
teleparallel gravity covariantly. They can be classified according to
how the variation of the spin connection is performed.

0. "Weitzenbdck variation": w = 0. This is the historical
formulation of teleparallel gravity, and it is not covariant.

1. "Fixed omega variation": w is totally fixed but arbitrary. It can
be thought of as writing the Weitzenbdck action in an arbitary
frame by making a local Lorentz rotation. Under any fixed choice,
the Lagrangian is not invariant, however there is the freedom of
making this choice.

2. "Independent variation" of the unrestricted w. It results in no
gravity at all, T =0.
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3. "Inertial variation": w is varied in the class of inertial spin
connections. Independent variables are tetrads and Lorentz
matrices which parametrise the spin connection. This is a proper
covariantisation for both teleparallel equivalent of GR and modified
teleparallel models.
4. "Constrained variation": w is by itself an independent variable,
however its curvature tensor is set to zero with a Lagrange
multiplier. This is equivalent to previous option plus an equation
for the Lagrange multiplier.
"Compensating variation": decoupled w with

— e} RabW( w)e’nbe for the Lagrangian density. Strictly speaking,
it is no longer a teIeparaIIeI model. The spin connection is arbitrary
indeed, and gravity can be expressed as a combination of torsion
and curvature, in any proportions we like. It works for a teleparallel
equivalent of GR. Whether it can be used for modified gravity
scenarios, remains to be seen.
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Thank you for your attention!
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