Palatini cosmology in different frames

Andrzej Borowiec
joint work with
Aleksander Stachowski  Marek Szydtowski ~ Aneta Wojnar

Institute for Theoretical Physics, Wroclaw University, Poland

9th MATHEMATICAL PHYSICS MEETING:
School and Conference on Modern Mathematical Physics
18 - 23 September 2017, Belgrade, Serbia



Einstein gravity is a beautiful theory which is very well tested in
the Solar system scale. However it indicates some drawbacks in the
other scales. The simplest way to generalize (/modify) it is by
replacing Einstein-Hilbert Lagrangian

n
R—f(R)=R—-2A+yR*+ - =) vR
i=0

by an arbitrary function of the scalar R. Such modification might
be helpful in solving dark matter and dark energy problems .

Here we focus on some cosmological applications presented in
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Introduction |

In the Palatini f(li’) gravity the action is dependent on a metric
and a torsionless connection as independent variables

(g#l/’ pa) 5 +5 - /\/77( d4X+S (g#lhw)? (1)

where R(g,T) = ng%W(r) is the generalized Ricci scalar and
R, (') is the Ricci tensor of a torsionless connection I'. EOM are

F(RYRu)(T) — 2 F(R) g = Ty )

2
Va(V=gf'(R)g") =0, (3)

where T, = —\/%?5‘;[‘,5”1, (e.g. PF = (p+ p)uyu, + pguv) is EMT,

i.e. assuming that the matter couples minimally to the metric g, .




Introduction |l
In order to solve equation (3) it is convenient to introduce a new

metric

Vv _gg,uzx =V —gf/(R)gW, (4)
for which the connection ' =T, _¢(g) is a Levi-Civita connection.
As a consequence in dim M = 4 one gets

8w = f,("%)g;w, (5)

For this reason one should assume that the conformal factor
f'(R) # 0, so it has strictly positive or negative values.
Taking the g—trace of (2), we obtain structural equation

n

f'(RYR —2f(R) = T. (6)

where T = g" T, (=3p— p). Thus, the equation (2) can be
treated both as determining the dynamics of the metric g or g
(two frames !!)



The eq. (2) can be recast to the following form

_ 1 1
Rz, W(T,W—ZTgW). (7)

R —

4

where f%,w = Ruw R = g—WR’W = f’(li’)_lli’ and EWR = gw,li’.
1. non-linear system of second order PDE.

2. for the linear Lagrangian R—2M\is fully equivalent to Einstein
R —2A,

3. any f(R) vacuum solutions (T,,, = 0) = Einstein vacuum
solutions with cosmological constant;

4. PF: T, = (p+ p)uyuy + pguy =

T — %Tgw, =(p+p) (uuu,, + %gw,). Thus DE solutions =
vacuum solutions.

Palatini gravity is the first cousin of Einstein theory (next of kin)!!



Dynamics of Palatini gravity in different frames

The action (1) is dynamically equivalent to the constraint system
with first order Palatini gravitational Lagrangian with the
additional scalar field y, provided that f”(R) # 0 (This condition
excludes the linear Einstein-Hilbert Lagrangian f(R) = R — 2A
from our considerations.)

S0 T) = 5 [ AV (FOO(R =) + F00 )+ Sngia ¥).
®)

Introducing new scalar field ® = f’(x) and taking into account the
constraint equation Y = R, one can rewrite the action in
dynamically equivalent way as a Palatini action

(0. ) = o [ 4xV=8 (OR = U(®)) + Snligus ). ()

where the potential U(®) encodes the information about the

A

function f(R) is given by



Dynamics of Palatini gravity in different frames

Ur(®) = U(®) = x(®)® — F(x(®)) (10)

and ® = (x) Thus one has R = y = dU(¢) For a given f the
potential U is a (singular) solution of the Clalraut s differential
equation: U(®) = ®9Y — £(9Y). (One can observe that the trivial,
i.e. constant, potential U(®) corresponds to the linear Lagrangian
f(R) = R — 2A\.) Palatini variation of this action provides

~ 1 ~ 1
Valv—gdgh) =0 (11b)
R—U(®)=0 (11c)

The last equation due to the constraint R = y = U'(¢) is
automatically satisfied. The middle equation (11b) implies that the
connection I is a metric connection for the new metric

gm/ = cbgmz-



Dynamics of Palatini gravity in different frames

Now the equation (11a), (11c) can be written as a dynamical
equation for the metric g, (R RW, R =R gw,R gWR)

R — 8uwR=rKTu —

5 2., U(®) (12a)
0

(12b)
where we have introduced U(¢) = U(¢)/®? and T, = 71T,

Thus the system (12a) - (12b) corresponds to a scalar-tensor
action for the metric g,,, and the (non-dynamical) scalar field ¢

S(Gu®) = 5 / dxy/"F (R — U(®)) + Sm(® g, ), (13)

non-minimally coupled to the matter .
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where

2 0

7_—#” - - = _75m
vV —8 5g,uzz

= (p+p)a"a" + pg"’ = © T, (14)

and u”—CD 2u“ p=0"2p, p=0p, w=w
T,W—CD T,“,, T = & 2T. Further, the trace of (12a), provides

R=20(®)— kT (15)

The equation (12a), due to non-minimal coupling between the
metric g, and the matter, implies eneregy-momentum
non-conservation 160

VT =37
(however V#T,,, = 0). In this, so-called Einstein frame case, the
scalar field has no dynamics satisfying algebraic equation (12b).

(16)



Dynamics of Palatini gravity in different frames

By changing the frame (g, ®) — (guw, ) one gets that action
for the original Palatini metric within scalar-tensor formulation

1 3
S(®,g.0) = o /d4x\/—g (CDR + %(Ld)a“d) — U(¢)> , (17)

where U(®) is given as before by (10).
In this case, a kinematical part of the scalar field does not vanish
from the Lagrangian (17). We obtain Brans-Dicke action with the

parameter wgp = —% in the Jordan frame. In this case equations
of motion take the form (V#T,, =0)

1 3 3
o <R‘uy - 2gy,1/R> — RgWVOCDVU(D + EVHCDVVCD

1
+ 8,00 -V, V, o+ —g,U(¢) =kT,,

2
(18a)
3 3 1
R— 064+ - V,0VFid — ~U/(d) =
® +2¢2V“ \Y 2U()

(18b)



£(R) Palatini cosmology

Cosmological applications |
Assume that the metric g is a spatially flat FLRW metric

ds® = dt? — a*(t) [dr® + r?(d6? + sin® 0d$?)] , (19)

where a(t) is the scale factor, t is the cosmic time.
As a source of gravity we assume perfect fluid with the
energy-momentum tensor

T} = diag(—p(t), p(t), p(t), p(t)), (20)

where p = wp, w = const is a form of the equation of state
(w = 0 for dust and w = 1/3 for radiation). Formally, effects of
the spatial curvature can be also included to the model by

introducing a curvature fluid px = —ga_2, with the barotropic
factor w = —3 (px = —3pk)- From the conservation condition

T/, = 0 we obtain that p = pga—3(1+W). Therefore, trace Treads
as
T = po(3w — 1)a(t)~3(+W), (21)



£(R) Palatini cosmology

Following further Cosmological Principle we assume that ¢
depends only on the cosmic time. In such a case the metric
Zuw = ®(t)gu is FRW metric as well with a new cosmic time

df = &(t)2d t and new scale factor a(F) = ®(F)z a(F).
d3? = dt? — 3(t) [dr* + r?(d6? +sin*0d¢?)],  (22)

Similarly )

T} = diag(—p(t), p(t), B(£), p(t)), (23)
where T} = &2T,,, T=072T, j=¢"2p, p=0"2p.
From Einstein equations one gets Friedmann and Raychaudhuri
equations

- _ _ a _ _
3H? = po + pm, 32 = Do~ Pm

where pp = %Q(CD), Pm = p0§*3¢% and non-conservation of the
matter EMT T, B

pm + 3Hpm = —po
is equivalent to the EOM for ®: ®R — (2 U(d)) =0



£(R) Palatini cosmology

We consider visible and dark matter in the form of dust w = 0 and
choose f(R) = Y7_, 7:R" including Palatini version of the
Starobinski model with a quadratic Ricci scalar term. Assuming
spatially flat FLRW cosmology with a dust source one gets

Friedmann eq. (H = %) in the Jordan frame
2f'(3f — f'R)

Beniem 2
3 (2f + AN

H? =

(24)

where the prime denotes differentiation with respect to R. Because
the form of a function f(R) is unknown, one can probe the
simplest modification of general relativity Lagrangian

F(R) = —2A+ R+ +R*--- (+6R%) (25)
induced by first three (/four) terms in the power series
decomposition of an arbitrary function f(R).

The Lagrangian (25) can be viewed as a simplest deviation, by the
quadratic Starobinsky term, from the Lagrangian R — 2A which
provides the standard cosmological model a.k.a. ACDM model.



£(R) Palatini cosmology

It appears that a corresponding solution of the structural equation

(6)
R=4N+ pm7oa_3 =4dppo + pm,Oa_3 (26)

The solution (49) is to be plugged into the formula (24) which

generalizes Friedmann equation

H2
T = meoaf3 + Q/\,o (27)
Hq

for ACDM model. A counterpart of the formula above in our
extended model can be presented as follows



£(R) Palatini cosmology

H? b?
= 2 X
B e d)
K—-3)(K+1
(Qv(ﬂm,oa_3 + QA,O)Q( 2)[(9 ), + Qmoa 3 + Q/\,O) ;
where
30
K=205-3 1 q, 05 (28)
Qm 0
Q’y = 3’}/H§, (29)
b=f(R)=1+20,(Qmoa >+ 4Qn0), (30)
1 db _
=g = 20 Qma 3+ Qr0)(3 - K) (31)

The study of this Friedmann equation is a main subject of this talk.
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Cosmological dynamical system of Newtonian type |
Consider general form of Friedmann equations
2 _ &
H E?:F(a)>0, (32)
It would be convenient to rewrite (32) it in equivalent form

1
55‘;2 + V(a) =0, (33)
as a zero energy trajector of the Hamiltonian system
H = &% + V(a), where the potential

1 5

V(a) = —52 F(a) <0 (34)

This implies Newton type equation

.oV (7 da
i=—% t‘/m (35)

f(R) Palatini cosmology

Dy



Cosmological dynamical system of Newtonian type Il
Accordingly the evolution of a universe can be interpreted, in dual

picture, as a motion of a fictitious particle of unit mass in the
potential V/(a). The corresponding dynamical system in
two-dimensional phase space (a, x = 3)

a=x, (36)
oV(a)

x=-2 (37)

Phase space portrait consists of all possible trajectories
corresponding to all possible energy levels

{(a,é): f+V(a):E;EeR}. (38)

For example for the standard cosmological model (27)

32

V= % (pmoa~>+ pao) (39)

Dy



Dy

Cosmological dynamical system of Newtonian type Il

In a case of singularitiese on needs theory of piecewise smooth
dynamical systems. Therefore it is assumed that the potential
function, except some isolated (singular) points, belongs to the
class C?).

Any cosmological model can be identified by its form of the
potential function V/(a) depending on the scale factor a. From the
Newtonian form of the dynamical system (36)-(37) one can see

that all critical points correspond to vanishing of r.h.s of the
GV(a

dynamical system (xo =0, |a= ao)- Therefore all critical
points are localized on the x-axis, i.e. they represent a static
universe.

The onIy admissible critical points are the saddle type if

8%V(a) 0? V
532 if =~ \a 2 > 0.

la=a, < O or centres type i
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Cosmological dynamical system of Newtonian type IV

If a form of the potential function is known (from the knowledge of
effective energy density), then it is possible to calculate
cosmological functions in exact form

(40)

. /a da
Y RNEE)
H(a) = a~'\/—2V(a), (41)

a deceleration parameter, an effective barotropic factor

_ a3 _ _ldin(=V)
9= 2 2 dlna ’

werr(a(t)) = P = _1 (dln(—\/) i 1) , (43)

(42)

peff 3\ dlna

Dy
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Cosmological dynamical system of Newtonian type V

a parameter of deviation from de Sitter universe

e = ~(a(t) +1) = 5 T Y)

2 dlna (44)

(note that if V(a) = _/\TaZ, h(t) = 0), effective matter density and

pressure
6V(a
Peff = — 2)7 (45)
a
_2V(a) (dIn(=V)
peff = — <d|na +1 (46)

and, finally, a Ricci scalar curvature for the FRW metric (?7?)

R 6V(a) (dln(V) +2> '

a2 dlna

(47)
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Polynomial example |

R i—1, py2(i-1)
QR = Tl_lg? Q%. = 3 ")/,'HO y
Quot = Qmoa >+ o, b=Ff(R) =) i0, Q5"
=1
n 4Qn

d=-3(> (i-2)Q,9:"+ o
R

i=1
i = 12,9

~ . (48
Sy (i —2)Q2, Q51 (4
where Hy is the present value of Hubble function, Qo = %,
0

PA,0
Qno = 58
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Polynomial example - Jordan frame |

constraints eq.

n

D (i = 2)2,Qk = —Qm — 4. (49)

i=1

Friedmann eq.

H? b?

HS  (b+9)

X + Qtot (50)

1
2b

Z Q%Q;?—l (Qr — 2iQ%0t) + Qior — 320
i=1




Dynamics of Palatini gravity in different frames Cosmological models based on Palatini f(ﬁ’)—gravity f(/%) Palatini cosmology Dy

Polynomial example - Jordan frame |

H2 a?
V(a) ==~
1< ;
% o5 |22 2% (r — 2iot) + Dot = 30 | + et | - (51)
i=1




Polynomial example - Einstein frame

(& ®) = 5 [ AXVE (R 0(®) + Sn(® guv)  (52)

with non-minimal coupling between ® and g,
2 6§
Vv _g 5guu

B =0 zuk, =2 p=b"2p T, =0 1T,,, T=02T
The metric g;,, takes the standard FRW form

T —

Sm=(p+p)a"d” + pg'’ = d3TH | (53)

d5? = —dP + 3(F) [dr? + r3(d6? + sin? 0d¢?)],  (54)

where dt = CD(t)% dt and a new scale factor 3(t) = CD(t)%a(t).

Dy



Dynamics of Palatini gravity in different frames Cosmological models based on Palatini f(ﬁ’)—gravity

Polynomial example - Einstein frame |

In the case of the barotropic matter, the cosmological equations are

3 = o+ fm, 62 = 250 — fm(1+3w) (55)
where 1

B _ _ —3(1w) L (3w

po = 5U(®),  pm=poa 0HMezCwY (56)

and W = Pm/Pm = Pm/pPm- In this case, the conservation
equations has the following form

P+ 3Hpm(1 + w) = —po. (57)

f(R) Palatini cosmology

Dy
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Polynomial example - Einstein frame |

and the scalar field ¢ has the following form

o(R) = R _ > iR (58)




Dy

Singularities f(R) = R + vR? 4+ 6R3 model-Jordan frame |

In the model, one finds two types of singularities, which are a
consequence of the Palatini formalism: the freeze and sudden
singularity. The freeze singularity appears when the multiplicative
expression lef/z' in the Friedmann equation (50), is equal the
infinity. So we get a condition for the freeze singularity:

2b 4+ d = 0 which produces a pole in the potential function. It
appears that the sudden singularity in our model appears when the
multiplicative expression ﬁ%/z vanishes. This condition is
equivalent to the case b = 0.

The freeze type Il singularity in our model is a solution of the
algebraic equation

3Q,Q5Q% + 925Q% + (2, — 36Q2;Q0)Qr — 122,21 — 1 =0 (60)
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Singularities f(R) = R + vR? 4+ 6R3 model-Jordan frame |

which the following solution

_o-1| _ r(Q%Q§7Q/\)
BRag = 07| ~ 1 T gimq,
21/3 (—81Q2 + 9Q,Q5(Q, — 36925Q0)) (61)
9!’(97, Qg, Q/\)Qg ’
where
r(Q’ya Q57 Q/\) =

2 [243Q§Q§(1 +6Q,Qp) — 72903(1 + 6Q,Q5)
+ (59049 (922 — 302,) Q3(1 + 602,202

1/291/3
— (8102 — 99,Q5(2, —36959/\))3) / ] P (62)
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Singularities f(R) = R + vR? + 6R® model-Jordan frame |

For the sudden singularity the condition b = 0 provides the
equation
14+ Qr[2Q, + 3Q5Qr] = 0. (63)

which has the following solutions

—Q, +,/Q2 - 30;
Qr. = . (64)

sing 395
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Singularities in Starobinsky model in Palatini formalism |

2b+d=0=f(K,Qno, Q) =0 (65)

or
K
—3K — +1=0, 66
397(Qm + Q/\,O)Q/\,O ( )

where K € [0, 3).
The solution of the above equation is

1

Kfreeze = (67)

I .
3+ 32 (Q2m+24,0)2 0

From equation (67), we can find an expression for a value of the
scale factor for the freeze singularity

1-0 3
dfreeze = A’01 . (68)
80 + g @nrang
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at)

0.0010

0.0005

V(alt)

-0.0005

—0.0010

—-0.0015

Figure: lllustration of sewn freeze singularity, when the potential V/(a)
has a pole. Diagram of a(t) is constructed from the dynamics in two
disjoint region {a: a < as} and {a: a > a.}.



The sudden (type Il) singularity appears when b = 0. This provides
the following algebraic equation

1429, (Qmoa >+ Qno)(K +1) = 0. (69)
The above equation can be rewritten as
1429, (Qmoa > +4Qp0) = 0. (70)

From equation (70), we have the formula for the scale factor for
the sudden singularity

20 1/3
m,0
dsudden = | —————— . (71)
sudden < le‘f‘SQ/\yo>

which, in fact, becomes a (degenerate) critical point and a bounce
at the same time.
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Ssuddsing

0.0008 -

. Qy

. .
-1.x107° -8.x107% -6.x10%° -4.x10%° -2.x107%°

Figure: Diagram of the relation between asing and negative 2. Note that
in the limit £ — 0 the singularity overlaps with a big-bang singularity.
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Dynamics of Palatini gravity in different frames Cosmological models based on Palatini f(R)-gravity

at)

0.002

1 . . . 1 . . . [ . . . 1 . . . 1 t

—-0.0004 -0.0002 A 0.0002 0.0004

v /|

Figure: lllustration of a sewn sudden singularity. The model with negative

2, has a mirror symmetry with respect to the cosmological time. Note
v

that the spike on the diagram shows discontinuity of the function
Note the existence of a bounce at t = 0.



It is also interesting that trajectories in neighbourhood of straight
vertical line of freeze singularities undergo short time inflation
x = const. The characteristic number of e-foldings from tin;; to tsn
of this inflation period

N = Hinit(tsin — tinit)

(see formula (3.13) in De Felice (2010) with respect to €2, The
number of e-foldings is too small for to obtain the inflation effect.

035
0.30

0 2.x107%°  4.x107° 6.x10° 8x107° 1.x107° Y




Statistical analysis of the model |

The following astronomical observations were used:
e supernovae of type la (Union 2.1 dataset),

e BAO (SDSS DR7 dataset, 6dF Galaxy Redshift Survey,
WiggleZ measurements),

e measurements of H(z) for galaxies,
e Alcock-Paczynski test,

e measurements of CMB and lensing by Planck and low /¢
polarisation by WMAP.

The total likelihood function is expressed in the following form

Liot = LsniaLeaoLapLH(z)LcMB tiensing: (72)

In estimation of model parameters, we use our own code
CosmoDarkBox (the Metropolis-Hastings algorithm).



Statistical analysis of the model Il

We use Bayesian information criterion (BIC), for comparison our
model with the ACDM model. The expression for BIC is defined as

BIC = x?+jInn, (73)

where 2 is the value of x? in the best fit, j is the number of model
parameters (our model has three parameters, the ACDM model has
two parameters) and n is number of data points (n = 625).

e the Starobinsky-Palatini model — BICsp = 135.668

e the ACDM model BICAcpym = 129.261.

ABIC = BICsp — BICAcpm = 6.407.

The evidence for the model is strong as ABIC is more than 6. So,
in comparison to our model, the evidence in favor of the ACDM
model is strong, but we cannot absolutely reject our model.



Table: The best fit and errors for the estimated model for the positive 2,
with Q, o from the interval (0.27,0.33), Q, from the interval

(0.0,2.6 x 107%) and Hy from the interval (66.0 (km/(s Mpc)), 70.0
(km/(s Mpc))). Qb0 is assumed as 0.048468. Hy, in the table, is
expressed in km/(s Mpc). The value of reduced x? of the best fit of our
model is equal 0.187066 (for the ACDM model 0.186814).

parameter best fit 68% CL 95% CL

Koo eslo iy by

Ono 03m T iy

Q, 070 x 10-11  11:3480x 107°  42.2143 x 10°°

—9.70 x 10711 —9.70 x 10711




Conclusions |

e Palatini gravity, particularly Strobinsky type, may provide
simple and viable gravity models which in solar system tests
do not differ much from GR.

e Palatini cosmology, particularly Strobinsky type, may provide
viable cosmological models which are comparable with the
LCDM model and are able to solve some inlationary or DE,
DM puzzles.

1/3
. 20 .

e If Q. is small, then a = —5=m0 for negative

Y sudden i+8ﬂ/‘¢° g

1
1-Q

Q’Y and afreeze = (89 T A701

AOT0n (@m+2p )

values defines the natural scale at which singularities appear
in the model

3
> for positive €2,. These



Conclusions Il

e In both cases of negative and positive v one deals with a finite
scale factor singularity. For negative y it is a sudden
singularity - type Il. The evolutionary scenarios reveal the
presence of bounce during the cosmic evolution.

e For v > 0 it is type lll freeze singularity providing
pre-inflationary era.

e Two phases of deceleration and two phases of acceleration are
key ingredients of our model. While the first phase models
transition from the matter domination epoch to the
pre-inflation the second phase models transition from the
second matter dominated epoch toward the present day
acceleration.



Conclusions 1l

e The phase portrait for model with the positive value of ~ is
equivalent to the phase portrait of ACDM model (following
the dynamical system theory equivalence assumes the form of
topological equivalence establish by homeomorphism). There
is only a quantitative difference related with the presence of
the non-isolated freeze singularity. The scale of appearance of
this type singularity can be also estimated and in terms of
redshift: Zeeze = 25 7 °.

e For the StarobinskyPalatini model in the Einstein frame for
the positive parameter, the sewn freeze singularity are
replaced by the generalized sudden singularity. In consequence
this model is not equivalent to the phase portrait of the
LCDM model. This model can provide a proper number of
e-folds N =50 — 60.



Conclusions IV
e There are also some other advantages when transforming to

Einstein frame, namely that in this frame one naturally
obtains the formula on dynamical dark energy which is going
at late time toward cosmological constant. It is important
that corresponding parametrization of dark energy is not
postulated ad hock but it emerges from the first principles —
which is the formulation of the problem in the Einstein frame.
It is important that the parametrization of dark energy
(energy density as well as a pressure) in terms of the Ricci
scalar is given in a covariant form from the structure equation.

This work has been supported by Polish National Science Centre
(NCN), project DEC-2013/09/B/ST2/03455.

Thank you !
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