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ABSTRACT

The role of double space is essential in new interpretation of T-
duality and consequently in an attempt to construct M-theory. The
case of open string is missing in such approach because until now there
has been no appropriate formulation of open string T-duality. We will
consider here reconsideration of T-duality of the open string. This
will allow us to introduce some geometric features in non-geometric
theories.

1. Introduction

We will show that "restricted general coordinate transformations”, which
includes transformations of background fields but not include transfor-
mations of the coordinates, is the symmetry T-dual to the local gauge
transformations [1]. This will enable us to introduced new term in the
Lagrangian, with additional gauge field AP (D denotes components with
Dirichlet boundary conditions). It compensate non-fulfilment of the invari-
ance under restricted general coordinate transformation on the end-points
of open string [1], as well as standard gauge field AY (N denotes compo-
nents with Neumann boundary conditions) compensate non-fulfilment of
the local gauge invariance on the end-points of open string. Using gen-
eralized procedure [2] we will perform T-duality of vector fields linear in
coordinates. We show that gauge fields AY and AP are T-dual to *A%, and
* A%, respectively.

We will introduce the field strength of T-dual non-geometric theories
as derivative of T-dual gauge fields along both T-dual variable 3, and its
double g,. Therefore, we introduce some new features of non-geometric
theories, where field strength has both antisymmetric and symmetric parts

[1].
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2. Closed string T-duality

Let us start from the closed string action [3, 4]
P
V=9

where G, is a space-time metric and B, is Kalb-Ramond field.
Action principle 6.5 = 0, beside equations of motion produces boundary
conditions

Slal = [ 6y=g[50"Gpule] + = Byulal) 0 0s" . (1)

VO (@)sa" fger = AV (@)d2H/5mg = 0,
where
08 » 5
%(LO) (z) = Sl = /@(ZBWx - GW:L“' ) . (2)

2.1. Buscher T-duality procedure

Applying standard Buscher T-duality procedure [5] we can obtain T-dual
action

2
*S[y] = ’f/d2§ 8+y,u *Hiy 0_yy, = %/Cﬁf 6+yu95”8_y1,, (3)

where T-dual background fields

*GQHY — (G;;l)‘“’, * BV ge,u,z/, (4)

are defined in terms of effective metric GED and non-commutative parameter
or

G, =Guw—4BG'B),, 6 = —%(G,ngG—l)W . (5
T-duality transformation of variables are
Orat =2 —k0 01y, , Oty = —2114,,0+2", (6)
which in canonical form can be written as

pa =t w2y, -k 2 (), O (@) 2 kg (T)
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3. T-duality of local gauge symmetries

We are going to consider open string T-duality. We will insist that each
term should have corresponding T-dual one. For example

S@) Guw Buw  AY AP
vVoor ] oo (8)
*S(y) *G/,LI/ *B/,Ll/ *ACLD *A’?V .

It is well known from the literature that coupling with Neumann fields
has a form

S v = 2% / dr(ANG® fo_r — ANGa o). 9)
But, coupling with Dirichlet fields is not known
Sap =26 [ dr(AP(2) /oms — AP(2)'/o0). (10)
To find it we will use analogy with Neumann case.

3.1. Zwiebach approach for coupling with Neumann fields

Action of closed string theory is invariant under local gauge transformations
NG =0, IABuy = Oy, — O A, . (11)

Due to the boundary term the open string theory is not invariant [6]
5rS[z] = 2 / dr(Aai® /o — Aad®/oo) - (12)
To obtain gauge invariant action we should add the term
S vla] = 2w / dr(AN& fo_r — ANGO /o) (13)

where newly introduced vector field AY transforms with the same gauge
parameter A,

SAAN = —A, . (14)

3.2. What is T-dual to local gauge transformations?

In order to continue we will use statement from Refs.[7, 8, 9]. If variation
of energy-momentum tensor 74 can be written as

0Ty = {F, T:t} , (15)
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then corresponding transformation of background fields is target-space sym-
metry of the theory.

ForT' - T'pA =2 [ doA k2™ we can obtain just local gauge transforma-
tions. T-dual to generator kz'* is 7, so that T-dual to T'y is

e = Q/da gy, . (16)
The corresponding transformations are

5£GNV - _2 (DM€V + Dugu) )

0¢Buy = —2&° By + 20,(BypEP) — 20, (B’ - (17)

These transformations exactly have the form of general coordinate trans-
formations (GCT), the symmetry transformations of the space-time action.
Are these transformations symmetries of the o-model action?

World-sheet action is scalar under GCT, so both closed and open string
actions are invariant under GCT. To understand what is T-dual to local
gauge transformations it is useful to make transformations of the back-
ground fields, metric tensor G, and Kalb-Ramond field B,,, with pa-
rameter §, and transformations of the string coordinates z* with different

parameter £#, ozt = £*. Using the equation of motion we obtain
0eSla] = =2 | dr(§, — &) Gy 0(@). (18)

If we introduce residual general coordinate transformations (RGCT),
which include the transformations of background fields but not include the
transformations of the string coordinates a*, &,/o=r = £u/o=0 = 0, we
obtain

5¢S[z] = —2 /8 A6 G0 @), (19)

Note that according to (7) —k&* and %(LO) (x) are expressions T-dual to

each other. So, local gauge transformations and RGCT are connected by
T-duality.
4. Open string T-duality

Gauge invariant action for open string is [1]

Sopen|2] = K [5; d2§8+a:“H+W8,:E”
+ 26 [yy dr[AY[2]i? — LAP[R]G 150 (@), (20)



T-DUALITY AND NON-GEOMETRY 305

where in literature AYN[z] is known as massless vector field on Dp-brane
and AP[r] as massless scalar oscillations orthogonal to the Dp-brane.
Note that gauge invariant and physical variables are

Bay, = Bap + FCSZ) ; Gab = Gap,
By = By —24%By; — F)(AD),
Gij = Gy + F) (4P), (21)
where we introduced field strengths
FY) = 0,A) —9,AY,  FP(AP) = —2(9,AP + 9;4P),  (22)
and define
A; = B;;G7kAD . (23)

4.1. T-dual background fields of the open string

We will choose background vector fields linear in coordinates [1]

B, = const, G = const, (24)
1 (a Lo(s)
AY(@) = Ay = SFG)ab AP@) =AY — ) (25)

so that corresponding field strengths are constant. These forms of back-
ground fields satisfies space-time equations of motion for open string [10].

It is important to know that action depends on the coordinate x* itself
and not only on its derivatives with respect to 7 and o. So, part with AP ()

does not have global shift symmetry, because the expression %(0) contain
which is not total derivative with respect to integration variable 7. So, we
should apply T-dualization procedure [2] which work in absence of global
symmetry.

T-dual background fields in terms of initial ones are

K

*G,uz/ — (GEl)’wj, *B,LLI/ — 59#1/’ (26)
YAL(V) =GR AN (V), *AN(V) =GTAP(V), (27)
where
VE = —k 0"y, + G G, (28)
and
U = feaﬁ /dgaaﬂyu = /(dTy;L +doyy,) . (29)

Note that T-duality interchange Neumann with Dirichlet gauge fields.
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4.2. Relation with standard approach

Up to gauge transformation we have

a —1la 1 7 —1i5
* D:GE1b<AéV+2?/a)v Ay =G IJA?' (30)

In standard approach one can not recognize Dirichlet vector fields. So if
we put AP =0 and *A% = 0 we obtain

*AN =0, Yo = —2AN . (31)

These are consistency conditions of standard approach.

5. The field strength for non-geometric theories

The particular form of V# from Eq.(28) implies features of non-geometric
theories, see for example [11]. It produces non-commutativity and non-
associativity of closed string coordinates.

In geometric theories the field strength for Abelian vector field is simple
F., = 0,A, — 0,A,. Because in non-geometric theories the vector field
depends on V#, we expect that T-dual field strength will contain derivatives
with respect to both variables y, and g,. How to define the field strength
for non-geometric theories?

For Neumann vector fields in initial theory we have

SN [x] =2k | drAN (2)i® = K]/ d2€0, 2 F oy 0_a” (32)
0% b

where only antisymmetric part contributes
Fup = F = 0,4 (z) — 0,AN (). (33)

We are going to generalize such relation to non-geometric theories. For
Dirichlet vector fields in initial theory we find

1 s
SB1] :2”/32 ar (=~ AP(@)G 7190 ()

_ ToTed AL [l — 2 i j

=2k /az dT(.A()z[.TU]l' Ayilz]x ) = H/Ed §04a" Fij O_a’ . (34)

Now, both antisymmetric and symmetric parts contribute
_ o, Lo
Fig=Fij + 55 (35)
where

Fi = 028G AR — 0; (2B G7*9AD) |, = 0:40(2) — 0 A0s(w) ,(36)

vy
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and

F) = =2(0:A7 + 0;AP) = 2(0A;(2) + 0, Aui(x) ) - (37)

1)

For Dirichlet vector fields in T-dual theory we have

* 1* a * —1 %
SRl =2 | _dr(= " AB(V) Gl )

= [ d*€0pa F 0y, (38)
b
with .
* ab _ ab
F * (a) + = F(s) - (39)
For Neumann vector fields in T-dual theory
¥l =20 [ ar(“a () = x [ €0y FI oy, (40)
% b
where .
KFU = *F R (41)

@ T35 7@

In Dirichlet case for non-geometric theories we obtain antisymmetric

*]_—aab) _ 29aCF( ) gdb _ GEI(ZCFC(C‘Z‘) G (42)
and symmetric field strengths
*-7:(5) _ _%[GEMCFC(;L) g 4 each(g) G;db] 7 (43)
while in Neumann case we have
Fy = =7 (0FF G 4 GTIREe) (44)
and
F = % (G Ry G714+ G R G (45)

Finally, we should write out expressions for T-dual field strengths * F*¥
in terms of derivative of T-dual gauge fields *A§(V) and *Aa( ) with re-
spect to variables y,, and . If we define yjj = {yu Yps yu —7,} and

OM:W_{&/# yu}we find

* vV __ % /U/ 1x TV
FH="Fa) 37 )

= 8o *AL(V) — 0% *AL(V)| — eB[a *AL(V) + 0% * AG(V)] (46)
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We can check this expression in other way

*Saly] = *SE [y +*SN [y] = 26n*? |47 AlV] 95y

:n/d%&wffw&yw (47)
>

6. Conclusions

The expression (46) we can consider as a general definition of the field

strength for non-geometric theories. Beside antisymmetric part *.7-'(’; '; it also

contains the symmetric one *}'(“s l)' In definition of both parts, derivatives

with respect to both T-dual coordinate y,, and to its double g, contribute.
The unusual form of *F*¥ is a consequence of two facts:

1. the T-dual vector field *A% (V) are not multiplied by g, but with
T-dual o-momentum *ngl*’yé’o).

2. the T-dual vector fields depend on V# which is function on both 3,
and .
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