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ABSTRACT

In this article we present a new way of representation of T-duality using dou-
ble space. Double space is obtained by adding T-dual coordinates to the initial
ones. T-dualization in double space is represented by permutation of appropri-
ate directions from initial and T-dual space. We did this both for bosonic and
fermionic T-dualization of type II superstring theory propagating in the constant
background fields. Obtained results are in full correspondence with the results of
standard Buscher procedure.

1. Introduction

T-duality as a fundamental characteristic of string dynamics [1, 2, 3, 4, 5],
unexprerienced by point-like particle, makes that there is no difference in
physical content between string theories compactified on a circle of radius R
and circle of radius 1/R. It is very important for understanding M-theory,
because five consistent superstring theories are connected by web of T and
S dualities.

Buscher T-dualization procedure [2] represents a mathematical environ-
ment for performing T-duality. In order to make T-dualization along some
directions, they should be isometry ones. Effectively, this means that back-
ground fields do not depend on those coordinates [2, 3, 4, 5, 6, 7|. Further,
we localize noticed symmetry in standard way introducing world-sheet co-
variant derivatives, d1z# — Dyt = dra# + vk, where v/ are gauge fields.
In order to have the same number of degrees of freedom in T-dual theory as
in the initial one, the new term with Lagrange multipliers is added to the
action. Using gauge freedom we fix initial coordinates and get the gauge
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fixed action. Varying gauge fixed action with respect to the Lagrange mul-
tipliers one gets the initial action and varying with respect to the gauge
fields one gets T-dual action.

This standard T-dualization procedure was used in the papers [8, 9,
10, 11, 12] in the context of closed string noncommutativity. There is a
generalized Buscher procedure which deals with background fields depend-
ing on all coordinates. The new step in this procedure is introducing of
gauge invariant coordinate for the directions on which background fields
depend on. The generalized procedure was applied to the case of bosonic
string moving in the weakly curved background [13, 14]. It leads directly
to closed string noncommutativity [15].

Double space formalism is a framework in which we can represent T-
dualization in a simple and elegant way. It is spanned by double coordinates
ZM = (gt yu) (k=0,1,2,...,D—1), where 2* and y,, are the coordinates
of the D-dimensional initial and T-dual space-time, respectively. It was
the subject of the articles about twenty years ago [16, 17, 18, 19, 20], but
interest for it occured again [21, 22, 23, 24, 25]. In all these papers T-duality
is represented as O(d, d) symmetry transformations.

In Refs.[26, 27] we doubled all bosonic coordinates and obtain the the-
ory which contains the initial and all corresponding T-dual theories. In
such theory partial T-dualization (T-dualization along some of the initial
directions z) is represented as permutation of the corresponding coordi-
nate subsets, * and y,, which is a generalization of ideas given in [16].

When one says T-duality, one means bosonic T-duality. But since re-
cently we can also speak about fermionic T-duality. Analyzing the gluon
scattering amplitudes in N = 4 super Yang-Mills theory fermionic T-
duality was discovered [28, 29]. Mathematically, fermionic T-duality is
realized within Buscher procedure, except that dualization is performed
along fermionic directions, 8¢ and 6.

In the present paper we are going to extend approach of double space
to the type II theories both in the case of bosonic and fermionic T-duality
[28, 30, 31]. We will show that double space method gives the same results
as in the case of applying of standard Buscher procedure.

Here we start applying the approach of Refs.[26, 27] in the case of partial
bosonic T-dualization of the type II superstring theory [1] and then in the
case of fermionic T-duality. Generally, we use type Il pure spinor action
from [32]. This action is given in the form of an expansion in powers of
fermionic coordinates 8¢ and 6. In both cases we simplify the action using
different assumptions explained in the paper. As a result in both cases we
obtain same action, which describes ghost free type II superstring theory
in pure spinor formulation [33, 34, 35] in the approximation of constant
background fields and up to the quadratic terms.

Bosonic T-dual transformation laws can be rewritten via double space
coordinates ZM. In order to achieve that we introduce the generalized
metric Hysny and the generalized current Jijp;. The permutation ma-
trix (7%)™ x makes permutation of x% and y,, where index a marks the
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directions along which we make partial bosonic T-dualization. The T-
dual coordinate is defined as ,ZM = (T*)MyZN and it has to obey
the T-dual transformation law of the same form as initial coordinates,
ZM . This demand produces the expressions for T-dual generalized met-
ric, yHyn = (T*HT*) N, and T-dual current, ,Jiy = (T%J1 )y From
transformation of the generalized metric we obtain T-dual NS-NS back-
ground fields and from transformation of the current we obtain T-dual NS-
R fields. The transformation law for R-R field strength we get imposing
additional assumtions because it is coupled by fermionic degrees of freedom
along which we do not dualize.

Further we apply the method in the case of fermionic T-dualization. We
are going to double fermionic sector of type II theories adding to the coordi-
nates 0% and 6% their fermionic T-duals, ¥, and 9, where « = 1,2, ..., 16.
Rewriting T-dual transformation laws in terms of the double coordinates,
04 = (0*,9,) and ©4 = (#*,1,), we define the ”fermionic generalized
metric” Fap and the generalized currents J;4 and J_4. The permu-
tation matrix 745 exchanges 6 and #“ with their T-dual partners, U,
and 9J,, respectively. From the requirement that fermionic T-dual coordi-
nates, *04 = 74508 and *64 = TA5OF have the same T-dual trans-
formation law as initial ones, ©4 and ©4, we obtain the expressions for
fermionic T-dual generalized metric, *Fap = (TFT)an, and T-dual cur-
rents, * T4 = TaPJrp and *J_4 = TaBJ_p, in terms of the initial ones.
These expressions produce the expressions for fermionic T-dual NS-R fields
and R-R field strength. Expressions for fermionic T-dual metric and Kalb-
Ramond field are obtained separately under some assumptions.

In this article we will not present explicitely the transformation of dila-
ton field, which demands quantum treatment.

2. Pure spinor action of type II action

The sigma model of pure spinor type II superstring action for type II su-
perstring [32] is of the form

S:tﬂ%@m%ﬁﬁ+m%MW+WMﬂW+WMﬂ”
daEaga_éﬁ + daEaHI:[“ + 8+9aEaﬁJ,8 4 H/LEuﬂgB + daPaB(j@
1 g8, 1 = 1 _ 1 )
§NMUQ#V’[38796 + §NMVQHV,ﬂHP + §a+eaﬂa,p.uNMV + §H“Q#7VPNVP

I | - 1 _
- §Nﬂ"cwﬂd5 + 500l N + TN Sy, o NP7 | + S5+ S5, (1)

where

1 _ 1- _
IW:mﬂ+f%%W&W,Hhﬂjwﬁwm%wﬁﬂ (2)
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do = T %(rﬂe)a [8+3:“ + i(eruma)] ,

dy = Fo-— %(r,ﬁ‘)a [81‘“ + i(éruae‘)] , (3)

1 _ 1 -
N = Zuwa (D)0 N = S (D) 537 (4)

Type II superfields generally depends on z#, 8% and #“. The superfields
A, B, E%, and P?# are physical superfields, because their first com-
ponents are supergravity fields. The fields €,,,,(Qu,p), C%u (Cu®) and
Suvpo, are curvatures (field strengths) for physical superfields. The rest
fields are auxiliary superfirlds because they can be expressed in terms of
the physical ones [32].

The world sheet ¥ is parameterized by ¢™ = (£ = 7,¢! = ¢) and 04 =
0-+0,. Superspace is spanned by bosonic coordinates z* (u = 0,1,2,...,9)
and fermionic ones ¢ and 0% (« = 1,2,...,16). The variables 7, and 7,
are canonically conjugated momenta to % and 0%, respectively. The actions
for pure spinors, Sy and S5, are free field actions

Sy = / Pewad N, S5 = / P DN (5)

where A\* and A® are pure spinors and w, and W, are their canonically
conjugated momenta, respectively. The pure spinors satisfy so called pure
spinor constraints

AY(TH) N = XHTH) 05N = 0. (6)

3. Bosonic T-dualization

In this section we will introduce approximated action and then apply stan-
dard Buscher procedure on some subset of coordinates z® Then we will
compare obtained result with the result following from double space for-
malism.

3.1. Simplification of action

The action (1) could be considered as an expansion in powers of % and
0%. For computational simplicity, in the first step we neglect all terms
in the action containing 0% and 6%. As a consequence #¢ and ¢ terms
disappear from ITY, d,, and d, and in the solutions for physical superfields,
just z-dependence of the supergravity fields survives.

Let us make T-dualization along some subset of bosonic coordinates
x®. So, we will assume that these directions are isometry ones. It essen-
tially means that corresponding superfields (Aqp, E.%, E%, Paﬁ) should
not depend on x®. This assumption could be extended on all space-time
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directions x* which means that physical superfields are constant. Accord-
ing to [32], auxiliary superfields are zero, because all physical superfields
are constant. Further, constant physical superfields means that their field
strengths, €, ,,(Quwp); C%u(Cu®) and S,y 5o, are zero.

Background fields obey space-time field equations [36], which are some
kind of consistency conditions. The equation (B.7) from this set of equa-
tions represents the backreaction of P on the metric G- If we take
constant dilaton ® and constant antisymmetric NS-NS field B,,, we obtain
that

1 «
R — gGuvR ~ (P 6);2111‘ (7)

If we choose the background field P®? to be constant, in general, we will
have constant Ricci tensor which means that metric tensor is quadratic
function of space-time coordinates. If one wants to cancel non-quadratic
terms originating from back-reaction, additional conditions must be im-
posed on R-R field strength (see the first reference in [33]).

Taking into account above analysis and arguments, our approximation
is realized in the following way

04 — 0xa”, do — T, do — Ta, (8)

and physical superfields take the form

1 _ _
A,ul/ = K}(iGuy + Buy) 5 Ea = —\Ifa y Eﬁ = \P,ZC y

v 14

pPes — gpaﬁ - g€§Fa57 (9)
K K

where G, is metric tensor and B, is antisymmetric NS-NS background
field.

Consequently, the full action S is

S =k / &2¢
b))
_ _ ~ 2 o
- /E d*¢ [—waa_(ea + What) + 04 (0% + Ve o + —ma P Prg|

1
Oy ML, 0 " + —dRP 10
1+ X +p x + Ak ( )

where

1
H:I:;uz = Buu + §Guu . (11)

Actions Sy and S5 are decoupled from the rest and can be neglected in the
further analysis.
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3.2. Buscher T-dualization

Let some shift symmetry along x® directions exists. The first step in
Buscher procedure is that we localize the noticed shift symmetry. We sub-
stitute the ordinary derivatives with covariant ones, introducing gauge fields

v%. Then we add the term %yaFj‘__ to the Lagrangian in order to force the
field strength F'{  to vanish and preserve equivalence between original and

T-dual theories. Finally, we fix the gauge z® = 0 and obtain gauge fixed
action

Sfim(vi,xi,Ha,g",ﬂa77’ra) =
/Ed2§ [fwiﬂ_mbvzi + nviHJraj(‘)_xj + /@8+aciH+ibvb_—|—

+  KOya'Tly0_27 + ﬁ@R@) — o U

+ V9P T, — T O (0% + UPa') + 04 (0% + USa")To + i e T F*P7s
K

+ S0y — 02 04ya)] (12)

Varying the gauge fixed action with respect to the Lagrange multipliers y,
we get the solution for gauge fields in the form

v{ = dra?, (13)

which produces the initial action, while varying with respect to the gauge
fields v{ we have

0L = =260y 0sx’ — KOLOLyy + 2090V Tty - (14)
Substituting v¢ in (12) we find
Sﬁx(ya,xi,@o‘,éa,wa,ﬁa) =
/E d2¢ [’fmyaéa_ba_yb + K20, Yo 0T 0_ 27 — K20, 2T, 1,070 _y,
+ ROy (T — 26T, 10004 ;)0_ a7 + ﬁ@R@)
To0_ (0% + Uz — 2SOy 07 — kSO y,)
+ 04 (0% + Uia' + QA\ifg‘éin_bjzj + K\i/g‘éibyb)fra
+ 2 U0, + i e? T FPrg| (15)
Combining two solutions for gauge fields (13) and (14) we obtain trans-
formation law between initial * and T-dual coordinates y,

04 (aX)p = (@ Mpw0sa” + T, 0-(uX)p=(Q )p0_a” + J7€176)
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where we introduced the T-dual variables ,X; = {y,, 2'}. For coordinates
which contain both z* and y, we will use "hat” indices fi, 7. The matrices

R jab . Hab
=Lttt 5 )@= ot 5 ) O
and theirs inverse
G-(B28). a-(Bel) o
perform T-dualization for vector indices. Here we introduced the currents
Jip
La= (") = (). (19)
where 5
Jiy = i;‘lliuﬂ:l:a ; (20)
v, =Y, \Il‘fuz\fffj, Tia =TMa, Teq=Ta, (21)

and éftb is defined by the relation

A 1
04 Tley = 50" (22)

__Note that different chiralities transform with different matrices Q™ and
Q. So, there are two types of T-dual vielbeins

aegﬂ = BQV(QT)V[L7 aéﬂﬂ = egu(QT)Vﬂ ) (23)
with the same T-dual metric
WGP = (oeT140)" = (QGQT)Y = (G = (s )" = (QGQTY™ .
(24)

The two T-dual vielbeins are related by particular local Lorentz transfor-

mation X X B
W0 = Ay et A% = e, (QTIQ) ()" (25)

From (17) and (18) we have

5% + 260%Gyy  266%°G.; ) (26)

-1 \Tp __ :
which produces

AQQ = (5£Q — QWQQ, wgb = —Hegaéib(eT%gngb. (27)
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It satisfies definition of Lorentz transformations
ATpA=n = detA%, =+1, (28)

and it holds det A%, = (—1)¢, where d is the number of dimensions along
which we perform T-duality.

Existence of the local Lorentz transformation which connects two sets
of vielbeins means that in T-dual picture we can take that, for example,
nonbar variables remain the same while bar variables must be multiplied
by matrix .2, which is a spinorial representation of that local Lorentz
symmetry. Skipping technical details explained in details in [37], we give
here the final form of the matrix ,{2

d
o = \|[I Gasar o (GiTMH)%, (29)
=1

d(d—1) d(d—1)

d
J =)z [[r“=@G)"=z T9T®...1%. (30)
=1

where

It is easy to check that ,02% = 1.
Let we introduce proper fermionic variables

W0 =0% Ta=70, “0°=,0%.0°, *70=a0."ams.  (31)

Using the action (15) and proper fermionic variables, we read T-dual back-
ground fields

I = 26 (32)
olli® = kT, a(Te)% = KOS Ty , (33)
alliij = a5 — QKHizaé?FbHibj , (34)
SO0 = 500 = g Q0 T (35)
JUS = UE — 26T 302000 U8 = ,03(T — 2411, ,0°TF) (36)
e JFOP = (e3 FO 4 4r20°0T7)), 0.7 . (37)

3.3. Double space

Above expressions for T-dual background fields in the case of full T-duali-
zation are

1 K
Y =*BM + *GM = 0~ 38
+ 9 2 T (38)

MO = ORI T = QY 01T (39)
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e
2

e *FP = (e3 FO 4 4r 000" 07", P (40)

Here we use the notation
2
Gl =Gu —4BG'B),, O = —;(G;BG*)W Q=T (41)

and
or - ey mor s la.

In this case the T-dual transformation laws (16) obtain the form
Opat = —n@iyaiy,, + /i@’iyjiy , 8iyu = —2H¢W8ix” + J:I:u . (43)

In terms of double coordinates

ZM=<5”“>, (44)

Yu

the relations (16) are replaced by one
aiZM >~ L OMN (HNPaiZP + J:I:N) , (45)

where the matrix Hysn is generalized metric and has the form

Gl —2 By, (G~
= m2 wp
HMN ( Q(Gfl)‘up Bpl/ (Gfl),uy ) (46)
The double current Ji,; is defined as
. Q(Hinl)uVJil,
Jim = ( _(G_l)MVJiV ’ (47)
and 0 1
MN _ D
¥ — (). (48)

is constant symmetric matrix. Here 1p denotes the identity operator in D
dimensions.

It is known that equations of motion of initial theory are Bianchi iden-
tities in T-dual picture and vice versa [9, 13, 16, 38]. From Bianchi identity

0,0-zM —9_0,zM =0, (49)

and relation (45), we obtain the consistency condition

Oy [Harn0-ZN + T | +0- [Hano 2V + T =0, (50)
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The equation (50) is equation of motion of the following action

s=4 / @€ [0 2 Harn0- 2" + 0, 2 T_pr + Jersd- 2" + Lima, 7))
(51)
where L(7,, o) is arbitrary functional of fermionic momenta.
Let us split coordinate index p into @ and i (¢ = 0,---,d — 1, i =
d,---,D — 1) and denote T-dualization along direction z* and y, as

TC=T%T,, T*=T’cT'o-..0T% ' T,=TyoTio---0Ty_q, (52)
where o marks the operation of composition of T-dualizations. Permutation

of the initial coordinates z* with its T-dual y, we realize by multiplying
double space coordinate by the constant symmetric matrix (7)™ y

Ya 0 0 14 O Z‘?

M _ z’ _ ra\M N _ 0O 1, 0 O T’
LM = o | = (TH" nZ" = L, 0 0 0 Yo ,  (53)

Ui 0O 0 0 1 Ui

where 1, and 1; are identity operators in the subspaces spanned by 2 and
x', respectively. We demand that double T-dual coordinate ,ZM satisfy
the T-duality transformations of the form as initial one Z™ (45)

Oy o ZM = £ QMN (aHNK o1 o2 + aJ:tN) : (54)
From this relation we find the T-dual generalized metric

JHun = (TS Hx (T N, (55)

and T-dual current
ol = (TuN Jan . (56)

Demanding that the T-dual generalized metric Hysn has the same
form as the initial one H sy (46)

— GG%V _2(‘1B
aHMN - ( 2(CLG71 aB)uV (aG

we obtain the T-dual NS-NS background fields

A~

JIY = 509 ol1% = KOPTLy, (58)

oIl = —Hﬂﬂbég?7 alltiy = g5 — 2/€H:tiaég|:bnibj ;o (59)

which are in full agreement with those from the Refs.[6, 14].
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The T-dual current ,J1 s (56) should have the same form as initial one
(47) but in terms of the T-dual background fields

2(aHi aG_l)ab (aJ)i)t + Q(aHi aG_l)a_l (aJ)ii *(Gil)aﬂjztu

2((LHi aG_l)ia (a'])?t + Q(LLHi aG_l)i] (aJ)ij _ 2(H:I:G_1)iut]:t,u
_(aG_l)ab (aJ)?t - (aG_l)ai (aJ +i - 2<HiG_1>a'uJiu
_(aG_l)ia (a'])i - (aG_l)ij (aJ)ij _(Gil)wJﬂ:#

(60)
From the lower D components of the above equation, after straightforward
calculation we get

JUOT = ROPTE T = Q0500 (61)

JUS = U8 — 26T1_ 00000 | U = ,Q%3(DF — 26T1 0% TP) . (62)

(2

which is in full agreement with results obtained applying standard Buscher
procedure. The upper D components of Eq.(60) produce the same result
for T-dual background fields.

The R-R field strength F*? appears in the action (10) coupled with
fermionic momenta 7, and 7, along which we do not perform T-dualization.
Let us suppose that fermionic term L(74, 7o) (51) in the form

LZB%WQFO[B%Q‘F@%QTFQ JFB ag =L+ L, (63)
for some F*8 and ,F*8. This term should be invariant under T-dual trans-
formation

L=L+NAL. (64)

Taking into account the fact that two successive T-dualization are identity
transformation, we obtain that the T-dual R-R field strength has the form

a®

€T JF0 = (e2 P 4 U™ T)), 0,0 . (65)

For ¢ = 4k we obtain the agreement with the expression (37).

4. Fermionic T-dualization
4.1. Action

We start with the action (1). In order to perform fermionic T-duality we
must avoid explicit dependence of background fields on the fermionic coor-
dinates % and 6% and allow only dependence on the ¢ and 7 derivatives of
these coordinates. This assumption produces that the auxiliary superfields
are zero what can be seen from Eq.(5.5) of Ref.[32].

We choose that G, B, @, W and W) are constant, and correspond-
ing field strengths, Q,,,(Qu.p), C%uw (Cu®) and S, o, are zero. The only
nontrivial contribution of the quadratic terms in equations of motion (see
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[36]) comes from constant field strength P®?. In order to analyze this issue

we will use relations from Eq.(3.6) of Ref.[32] labeled by (3, 3, 2)

1 _ _ 1
DQPB'Y — Z(I‘M”)O{BCHV'Y = O; DCVPB,Y - Z(FMV)Q’YCB“V =0. (66)

Here

_0
~ 960

1 0 _ 0 1 0
Z(TH0),, —— = —+ —(T*9),—
+ 2(F 0) D, + 2(F G)Q&W )

D aq
OxH 00>

(67)
are superspace covariant derivatives and C,, and C_’W‘" are field strengths
for gravitino fields W}, and W}, respectively. In order to perform fermionic

T-dualization along all fermionic directions, 8% and %, we assume that
they are Killing spinors which means

P8 opPhAY
=——=0. 63
06« 06« (68)
From the equations (66) it follows
(T") 050, PP = 0. (69)

Our choice of constant P®? is consistent with this condition.

Under these assumptions the final form of the action is given by the
expression (10). The fermionic part of the action (10) has the form of the
first order theory. On the equations of motion for fermionic momenta =,
and T,

T = —gm (07 + 0a#) (P s, T =5 (P M)apd (07 + What) |

(70)

r
2
the action gets the form

5 2 v 1L 2 e (2)

S(0+2,0-0,040) =k | d°§04atTly,,0_2" + — [ d°¢€PR
p) Am Jx
T / P60, (0% + Toa) (P~)op0- (6° + Wla¥)
b

= /<;/ d?¢0, at [Hwﬁlxyg(zal)aﬁqﬂj} a,xwi/ d?¢dR® (1)
» 2 47T »

+ g/ A€ (040 (P~ )ap0-_0° + 0,0%(P1V) 4,0 2"
h

+ 0" (TP1),00-6°] .
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We notice that theory has a local symmetry
60% =e%(oT), 80*=2%0"), (6T =7=0). (72)
The corresponding BRST transformations are
0% = c*(oT), s0*=¢&*(o7), (73)

where for each gauge parameter £*(c ") and £€%(0~) we introduced the ghost
fields ¢*(o") and ¢*(o™), respectively. Here s denotes BRST nilpotent
operator.

To fix gauge freedom we introduce gauge fermion with ghost number
—1

_ af _ 1-
v=" / ¢ lca (mea + O‘2b+ﬁ> + (aea + 2b_5aﬂa) ca] ()
where a®” is arbitrary non singular matrix, C,, and C, are antighost fields,
while b1, and b_, are Nakanishi-Lautrup auxillary fields which satisfy
5Cy =bia, 5Ca=b_o, 8biqa=0 sb_o=0. (75)

BRST transformation of gauge fermion W produces the gauge fixed and
Fadeev-Popov action

s = ng—l—SFp,

Syp = g / 06 [D_004 8% + 0_07bso + h_a0bg] |
Srp =4 / 26 [Cadyc® + (9_%)Ca - (76)

The Fadeev-Popov action is decoupled from the rest and, consequently, it
can be omitted in further analysis. On the equations of motion for b-fields

bia = _<Oé_1)aﬁa+9aa E—a = _a—gﬁ(a_l)ﬁa’ (77)

we obtain the final form of the BRST gauge fixed action
Sor =15 / 2€0_0°(a ") 050467 (78)

4.2. Fermionic T-duality using Buscher rules

As in the bosonic case we introduce gauge fields v§ and v$ and replace
ordinary world-sheet derivatives with covariant ones

0+0% — D4L0% = 040 + Ui , 3:|:§a — Diéa = aiéa + T)i . (79)
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In order to make the fields v§ and v to be unphysical we add the following
terms in the action
_ 1 _
Sgauge(V9,v4,0,01) = 5/{/ 2604, (010 — 0_v) + ln/ d?€(0,0% — 0_0%) Vs,
Y ®

2
] (80)
where 9, and 9, are Lagrange multipliers. The full gauge invariant action
is of the form

Si’fw(x: 07 é? 07 67 U+, @:I:) = S(aj:flf, D_H, D+é)
+ ng(D_Q, D+9_) + Sgauge(ﬁ, 757 U+, Q_]:I:) . (81)

Fixing 6% and #® to zero we obtain the gauge fixed action
1., L1
Stiz = /{/ d?€d, ot {Hﬂw + 5P 1)aﬁqf{f} o_z¥ + E/ d?¢dR®
b b

+g/ [@i(P‘l)aﬂvf+175’;(P‘1)a5\1156_x”
>

+ 8+$“\112(P_1)a5v§—ﬁf(a_l)agvﬂ
K

3

/E d*€0, (010 — 0_vT) + g /E d*E(040% — 0_1)Vq - (82)

Varying the above action with respect to the Lagrange multipliers we
obtain the initial action (71) because

04v® — 00 =0 = v} = 040%, 0,0 —O0_1} =0= 0% = 9.0*.

(83)

On the other side, the equations of motion for v§ and v give
7% = B,Q%aﬁa S BH%P'BC“ — 8+33“\I/Z‘ , (84)
v} = —a*P9,95, v* = P9 95— Who_axh. (85)

Substituting these expressions in the action Sy;, we obtain the fermionic
T-dual action

_ 1
*S(0+2,0_09,0,0) = K / d?€0, aM Tl ,,,0 o + — / d?¢ *®R?
by AT Js

K

/ d*¢ [049,P*P0_14
2 >
— 042" URO_ g + 040 VEO_a" — 0_Dqa*P 0, 0] . (86)

+

We read fermionic T-dual background fields
*\Ijau = (Pilq’)auv *\T’ua - _(‘T’Pil)uav (87)
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*Pag = (P Nag, *aap=(a"as. (88)
From the condition

1, = _
*H+;u/ + 5*\1104’11, (*P 1)0&5 *\I’ﬂy _ H+y,1/ , (89)

the fermionic T-dual metric and Kalb-Ramond field are

1r = _
*GIJV =G+ 9 [(‘I/P_l“p)ﬁw + (\I’P_l‘lj)w} )

11 _ _
*Buy = B + ; [(FP0),, — (FPTD),,.] . (90)

We obtain T-dual transformation laws combining the different solutions
of equations of motion for v$ and v¢ (83) and (84)-(85)

0_0% = —PPO_95 — WOO_at,  0,0% = 0 05P " — 0 2" TE (91)

910% = —a*P9, 0, D_6% =9 _Jgal. (92)
From these relations we can obtain inverse transformation rules

0 = _(P_l)aﬁafeﬂ - (P_I)Q5W§8,x“7

0400 2 0407 (P~ ") g + 012U (P 1) 54, (93)

0100 = —(a Vo087, 0-0,20-0°(a)pa. (94)

4.3. Fermionic T-dualization using double space

Now we will extend the meaning of the double space and double both
fermionic coordinate as

@A:(§Z), @A:<gz>. (95)

The transformation laws, (91)-(94), can be rewritten in the form

§_64 =~ _AB []:BCE)_@C + j,B] , 0,04 [a+éCfCB + j+B] 0BA
(96)
0,04 = 4B Apc0,0%, 9_64=0_0°Acp0P4, (97)

where ”fermionic generalized metric” F4p has the form

Fap = ( (P*()l)a/g qua ) ; (98)
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and

Aap = ( (Org)aﬁ aga ) : (99)

The double currents, j+ 4 and J_ 4, are of the form

Fon= ( (TP1) 00 2" ) T ( (P710) 40—zt ) C(100)

~ U8, at VaO_at

Let us introduce the permutation matrix

0 1
TAB=<1 0), (101)
so that double T-dual coordinates are
04 =T4508, 64 =T4568. (102)

As in the case of bosonic T-dualization, from demand that T-dual transfor-
mation laws for T-dual coordinates *04 and *©4 have the same form as for
initial ones ©4 and 04 we get the fermionic T-dual ”generalized metric”
*Fap and T-dual currents, * 7y 4 and *J_ 4

*Fap = Ta’FepTPs, *Tia=TalTis, *Ta=TaBJ 5. (103)
The matrix A4p transforms as
*Aap = TAC.ACDTDB = (A_I)AB . (104)

From the first relation in (103) we obtain the form of the fermionic
T-dual R-R background field

*Papg = (P g, (105)

while from the second and third equation we obtain the form of the fermionic

T-dual NS-R background fields
Woy = (P Nag¥lh, *Wou=—T0(P g, (106)
The non singular matrix o®® transforms as

(*O‘)aﬁ = (O‘_l)aﬁ- (107)

As in the case of bosonic T-dualization, in the same way how we ob-
tained the double action (51), we get the double action corresponding to
the fermionic T-dual transformation law

Sdouble(@7 é) = (108)
= g /dzf {84.(:)’4]:1438_@]9 + j+A8_@A + 6+@AJ_A
— 0.0 A4p50.0° + L(m)] :
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where L(z) is arbitrary functional of the bosonic coordinates. In order to
find fermionic T-dual metric and Kalb-Ramond field we suppose that term
L(zx) has the form

L(z) =20yat Uy + My ) 0_a” = L+7L. (109)
This term should be invariant under T-dual transformation
*L=L+AL. (110)

Using the fact that two successive T-dualization are identity transforma-
tion, we obtain

L="L+*AL. (111)

Combining last two relations we get

AL =-AL. (112)
If AL =20,2"A,,0_x", we obtain the condition for A,

Dy = — A (113)

Using the relations (87) and (88) we realize that, up to multiplication
constant, combination

Ay = TP )00 (114)
satisfies the condition (113). So, we conclude that

M =T + C‘I’;Of(P_l)aﬁ‘I’E , (115)

where c is an arbitrary constant. For ¢ = % we obtain the relations (90).

5. Conclusions

In this article we showed that the new interpretation of T-dualization pro-
cedure in double space formalism offered in [26, 27] is also valid in the case
of type Il superstring theory - both for bosonic and fermionic T-dualization.
We used the ghost free action of type II superstring theory in pure spinor
formulation in the approximation of quadratic terms and constant back-
ground fields. One can obtain this action from action (1) under some set
of assumptions.

We introduced the double space coordinate ZM = (z#,y,) adding to
all bosonic initial coordinates, x#, the T-dual ones, y,. Then we rewrote
the T-dual transformation laws (43) in terms of double space variables (45)
introducing the generalized metric Hjsn and the current Jips. Further,
we split initial coordinates x# in two parts: z% are directions along which
we made T-dulization and the rest ones z*.
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T-dualization is realized as permutation of the subsets % and y, in the
double space coordinate Z. Demanding that T-dual double space coor-
dinates ,ZM = (T*)M xZN satisfy the T-dual transformation law of the
same form as the initial coordinates ZM we found the T-dual generalized
metric o Hysy and the T-dual current ,J1ps. Consequently, we obtained
the form of NS-NS and NS-R T-dual background fields in terms of the ini-
tial ones which are in full accordance with the results obtained by Buscher
T-dualization procedure [6, 7].

In order to obtain T-dual R-R field strength F*? we should make some
additional assumptions. Supposing that term L(m,,T) (51) is T-dual in-
variant and taking into account that two successive T-dualizations act as
identity operator, we found the form of T-dual R-R field strength up to
one arbitrary constant c¢. For ¢ = 4k we get the T-dual R-R field strength
«F8 as in Buscher procedure [6].

In the case of fermionic T-duality, using equations of motion with re-
spect to the fermionic momenta m, and 7., we eliminated them from the
action. Then we fixed local chiral gauge invariance using BRST approach.

Using the Buscher approach we performed fermionic T-duality proce-
dure and obtained the form of the fermionic T-dual background fields.
Analogously with the bosonic case we introduced double fermionic space
doubling the initial coordinates % and 6% with their fermionic T-duals,
Vo and J,. Double fermionic space is spanned by the coordinates 04 =
(6%,9,) and ©4 = (§*,9,). Demanding that T-dual transformation laws
for fermionic T-dual double coordinates, *04 = T450F and *04 = TA505,
are of the same form as those for 4 and 04, we obtained the form of the
fermionic T-dual NS-R and R-R background fields which are in full ac-
cordance with the results obtained by standard Buscher procedure. The
expressions for T-dual metric *G,, and Kalb-Ramond field *B,, cannot
be found from double space formalism because they do not appear in the
T-dual transformation laws. These expressions, up to arbitrary constant,
are obtained assuming that two successive T-dualization act as identity
transformation.
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